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ABSTRACT 
 
 
This thesis aims to explore the effect of pre-strain on the viscoelastic behaviour of 
rubber materials. There are various conflicting theories in the literature regarding the 
strain dependence and resulting anisotropy of the viscoelastic behaviour. This thesis 
seeks to measure the behaviour and to study the possibility of using Finite Element 
Analysis (FEA) to predict the static behaviour of a rubber cylinder in combined 
torsion-tension and also the viscoelastic behaviour of rubber under various complex 
loadings using a Bergstrom-Boyce model1-4. 
 
To measure the induced anisotropy, a rubber test piece is subjected to a simple 
extension λ  and then it is subjected to small strain oscillations in the direction of the 
pre-extension or in shear. These two different deformations will allow the extent of 
the anisotropy in the viscoelastic behaviour induced by the pre-extension to be 
measured. Kuhn and Kunzle5 found that the loss factor resulting from a small 
oscillation decreased as a function of the static pre-strain. They and many others have 
interpreted this as a lowering of internal viscosity due to chain orientation. However, 
a simple analysis shows that this effect is due to geometric changes alone and that the 
essential viscoelastic behaviour expressed in terms of the deformed dimension after 
the application of the pre-strain as the loss modulus for an unfilled rubber is constant 
with strain up to an extension ratio of 2. It is also isotropic in behaviour for filled 
rubber compounds such as carbon black. For fumed silica filled rubber, the picture is 
more complex. For a moderately carbon black (25 phr) filled rubber, the loss 
modulus is still independent of the pre-strain for normal working strains but at highly 
filler contents (above 50 phr), the loss modulus increases with pre-strain at extension 
ratios somewhat less than 2. With silica, the coupling agent dominates the 
viscoelastic behaviour. For filled rubber, the change in loss modulus with strain can 
in part be explained by strain amplification, slippage of rubber around the filler, and 
shape factor effects. This approach can help to further understand the mechanism of 
filler reinforcement in rubber materials.  
 
Another complex loading is also used to validate these results with a static pure shear 
superimposed with simple shear oscillation. The results confirm the loss modulus is 
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independent of the pre-strain for unfilled rubber and lightly filled rubber but for the 
most highly filled rubber, the test is unsuitable as the smallest oscillating strains were 
too great for linear viscoelastic behaviour. 
 
The Finite Element Analysis (FEA) shows that a rubber cylinder in combined 
torsion-tension test can be modelled accurately as an elastic component provided that 
the appropriate strain energy function (SEF) and geometry are used in the model. The 
correct torque and the second order effect whereby a reduction in the axial force 
resulting from the torsion of a pre-strained rod can both be accurately represented. 
The viscoelastic behaviour under various complex loadings was modelled using the 
Bergstrom and Boyce model1. The results show that this model can predict behaviour 
for uniaxial but in a complex loading the model was inappropriate. 
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2D  two dimensional 
3D  three dimensional 
ASTM  American Society for Testing Material 
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FEA  finite element analysis 
FEM  finite element model 
HAF  high abrasion furnace (carbon black) 
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NMR  nuclear magnetic resonance 
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phr  parts by mass per hundred elastomer 
SEF  strain energy function 
semi-EV  semi-efficient vulcanising system 
TARRC  Tun Abdul Razak Research Centre 
DPG   diphenyl guanidine 
HPPD  N-(1, 3-dimethyl butyl)-N-phenyl-p-phenylenediamine 
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SYMBOLS 
 
cA  area 
A0  unstrained cross-section area 
a half length of the oscillation beam 
ampa  simple shear amplitude 
b characteristic of particular chain 
B  bulk modulus of materials 
c  viscous damping coefficient 
cc  critical damping 
C1, C2 Mooney constants 
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2C  exponent constant (Bergstrom and Boyce model) 
dU change in the internal energy 
dQ heat absorbed  by system 
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dS  change in the entropy of the system 
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e  engineering strain  
E  elastic tensile modulus 
E∗ complex modulus 
E′  dynamic storage modulus 
E″ dynamic loss modulus 
Ec effective compression modulus 
f frequency 
F force 
Fr axial force reduction 
F  deformation gradient 
AF  deformation gradient in network A 
BF  deformation gradient in network B 
v
BF  viscous part deformation gradient in network B  
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e
BF   elastic part deformation gradient in network B 
{ }F   vector of applied nodal forces  
G shear modulus 
∗G  complex shear modulus 
'G  storage shear modulus 
"G  loss shear modulus 
I moment of inertia 
k spring constant 
K1 , K2 Gent-Thomas constants 
k  Boltzmann’s constant 
Kc compression stiffness 
Ks shear stiffness 
θK  static torsional stiffness 
'K θ  in-phase torsional stiffness 
"K θ  out-of-phase torsional stiffness 
[K] stiffness matrix 
L length of molecular 
We loss energy per cycle 
l length of specimen 
m mass 
m positive exponent (Bergstrom and Boyce model) 
M torque 
Mc  the number average molar mass of the chain length between crosslinks 
n  the number of links (chapter 2) 
n the number of successive amplitude 
N  the number of network chains in a unit volume (chapter 2) 
N axial load in torsion 
P(r)  probability that the length between both ends of the molecule equals a 
specific length r 
r radius  
cr  the distance between the centre of the beam and the rubber specimen 
R gas constant 
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2r  the mean square distance between the ends of the chain 
hS  shape factor 
t time 
tk thickness 
AT   equilibrium stress  
BT  time-dependent deviation stress from the equilibrium state 
gT  glass transition temperature 
iT  true stress 
Tm  temperature 
dU  dissipated energy in a complete strain cycle per unit volume 
mU  stored energy in a sample per unit volume 
{ }U  vector of (unknown) nodal displacements 
x displacement 
W strain energy function 
∗σ  reduce stress 
γ shear strain 
α  shape factor of filler particles 
ρ   the density of the rubber 
λi the principles extension ratios 
chainλ  effective stretch ratio 
lockλ   limit2limit /23
1 λλ +  
B
vλ   effective stretch ratio in viscous part in network B (Bergstrom and Boyce 
model) 
η  tensile viscosity  
ω  angular frequency 
nω   natural angular frequency  
Z normal surface traction 
Θ  distributed surface traction 
ζ   the damping factor 
∆  logarithmic decrement 
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θ  twisted angle 
ψ  ratio between angle / height of cylindrical shape 
δ  phase angle 
Aµ  shear modulus in network A 
Bµ  shear modulus in network B 
τ  shear stress 
Bτ   effective stress in network B (Bergstrom and Boyce model) 
•
vε  effective creep strain rate (Bergstrom and Boyce model) 
ε          true strain    
ν  Poisson ratio 
η  viscosity coeficient 
tanδ  loss tangent, loss factor 
tanφ  tangent of the phase angle of the system (sample+mass) 
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CHAPTER 1:  General Introduction 
 
The original material commercially used as an elastomer was obtained in the form of 
latex from the tree Hevea Braziliensis.  The word rubber was derived from the ability 
of this material to remove marks from paper by the chemist Priestley in 17706. The 
use of rubber in engineering applications began in the 19th Century. It was widely 
adopted due to the possibility of changing the dynamic properties and hence the 
amount of damping by suitable compounding, its excellent strength properties and an 
outstanding fatigue resistance. Modern applications for elastomers include tyres, 
general automotive components, footwear, cables, belts, hoses, seats, medical 
products and sports goods. Rubbery materials are usually employed in these 
applications after they have been vulcanised or cross-linked, and after vulcanisation 
they are known as rubber. 
 
Elastomers have a unique property in that they are highly extensible. This means that 
they can be subjected to large strains of up to 1000% and after unloading they 
recover almost to their original dimensions. Elastomers also exhibit viscoelastic 
behaviour, which can be measured in terms of properties such as the hysteresis 
energy loss per strain cycle. The viscoelasticity imparts many useful properties such 
as damping in engineering mounts or high friction in tyres. Rubber can be 
compounded to generate high damping which is useful for systems such as 
earthquake bearings which are used to protect the structure from the effects of 
earthquakes7 and vibrations.  
 
In light of these properties rubbers are used for a wide range of engineering 
applications. To design rubber products for specific applications, we need to 
understand the behaviour. In some applications, the rubber is used under a complex 
loading. For example, the rubber bearings used for earthquake protection are 
subjected to both a large permanent compression and an additional occasional shear, 
rubber bushes used in vehicles are subjected to a combination of torsion and tension 
loading and even tyres are subjected an internal pressure producing a biaxial 
extension which is then excited by small oscillations. The aim of this work is to 
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investigate the effect of pre-strain on the viscoelastic behaviour of a rubber subjected 
to a complex loading such as these and to try to explain the behaviour more easily 
than had been possible previously. 
 
In addition to experimental procedures, finite element analysis (FEA) is commonly 
used to predict the behaviour of the rubber components. This thesis examines the 
reliability of FEA techniques to predict accurately the components behaviour when 
subjected to a complex loading. 
 
Structure of this thesis 
 
This thesis is split into a number of distinct chapters. Chapter 2 examines the 
viscoelastic behaviour of an elastomer under a pre-strain subjected to a vibration with 
a range of different amplitudes and frequencies. Chapter 2 also gives a literature 
review discussing the behaviour of elastomers. The various commercial types of 
elastomers and their different types of fillers are introduced. The theory of rubber-
like elasticity is introduced. Then the various theories that are used to explain the 
deformation behaviour are reviewed. The engineering design of rubber application is 
described, followed by an introduction of the theory behind the FEA used in this 
thesis. 
 
Chapter 3 presents a detailed account of all experiment techniques used in this work 
including how to prepare the specimens and undertake the mechanical tests used 
throughout this work. In addition, the FEA procedures are explained in detail. 
 
In Chapter 4, the effect of a pre-strain of up to 100% strain on the viscoelastic 
behaviour of an unfilled rubber is investigated. Both forced and free vibration 
techniques are compared. The theory of Rivlin8 for the static stiffness of a pre-
strained elastic rod subjected to additional displacement is validated. The viscoelastic 
behaviour is expressed in terms of loss factor, the logarithm decrement, the loss 
energy per cycle, and the loss shear modulus. It is shown that the loss modulus 
calculated in terms of the deformed geometry is independent of the pre-strain and is 
isotropic in behaviour for unfilled rubbers. 
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Chapter 5 extends work from Chapter 4, with the rubber specimens being subjected 
to larger pre-strains above 100% before the small oscillations are applied. Different 
types and formulations of rubber are also used so that the effect of filler and rubber 
type can be investigated. The results are discussed in light of findings of Chapter 4 
and the behaviour is explained with different viscoelastic mechanisms being 
proposed. 
 
Chapter 6 gives the details of additional complex load case where a static pure shear 
is superimposed with a forced simple shear oscillation. The viscoelastic properties 
are expressed in terms of the loss modulus again defined in terms of the pre-strained 
test piece geometry and this is compared with the results from the others 
experimental results shown previously in Chapter 4 and 5. 
 
Chapter 7 presents the prediction of combined torsion-tension loading using a FEA 
technique. The first part investigates the possibility that a FEA program can predict a 
second order elastic behaviour such as the change in length of an elastic rod 
subjected to a twist and the results are compared with the theory of Rivlin. In the 
second part, the static torsional stiffness and the axial force reduction of a rubber 
cylindrical mounting measured experimentally are compared with the FEA model for 
different pre-strains of the cylinder. The choice of an appropriate strain energy 
function is discussed. Finally, the viscoelastic behaviour of rubber in different 
complex loadings is modelled using a Bergstrom and Boyce viscoelastic model. 
 
 
In Chapter 8 the key findings in this thesis are summarised and future work 
suggestions are described. 
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CHAPTER 2:  Literature Review 
 
Introduction 
 
This chapter introduces the theoretical background to this investigation of the 
“viscoelastic behaviour of elastomer an under a complex loading”. The literature 
review starts by discussing imperfect elasticity. The dynamic behaviour and the types 
of testing are introduced, together with the effect of a static pre-strain on the 
viscoelastic behaviour of an elastomer which is the main purpose of this thesis. The 
simple rubber elasticity theory using a Gaussian network theory is described. Then, 
the type of rubber and the filler used in this thesis are reviewed, followed by a 
discussion of the nature of reinforcement. Finally, the procedure adopted when using 
the finite element analysis is also introduced. 
 
2.1 Imperfect elasticity 
 
In general, elastomers combine the elastic properties of both a solid with the viscous 
behaviour of a liquid. These properties are used in vibration damping applications, 
but many problems result from excessive viscous responses which manifest 
themselves a physical effect, such as stress relaxation, creep, compression set, 
mechanical irreversibility and excessive heat build up. 
 
2.1.1 Viscoelasticity 
 
The behaviour of a viscoelastic material is a combination of the behaviour of an 
elastic solid and a viscous fluid. Thus, as a first approximation, the mathematical 
theory of mechanical behaviour of viscoelastic materials involves some combination 
of Hooke’s law of elasticity, which is applicable to the linear behaviour of elastic 
solids, and Newton’s law of viscosity, which is applicable to the linear behaviour of 
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viscous liquids. A Hookean solid may be described as a spring and Hooke’s law can 
be expressed as9: 
 
kxF = ,        Equation 2.1 
          
where F is force, x is displacement, and k is the spring constant. Newton’s law of 
viscosity may be written in the form, 
 
F=c(
t
x
d
d )          Equation 2.2  
 
where c is a viscous damping coefficient. These two laws may be written 
alternatively in terms of stress (σ ), strain ( e ), young modulus (E), and viscosity, 
η as 
 
σ =Ee,   and         Equation 2.3  
 
σ =η
t
e
d
d
.         Equation 2.4  
 
Two of the simplest viscoelastic models were proposed by Maxwell and Voigt as 
shown in Figure 2-1, can be investigated by combining these elastic and damping 
terms in series and in parallel. 
 
Maxwell Model 
 
The Maxwell model consists of a spring and dashpot in a series as shown in Figure 
2-1(a). Under the applied stress, σ, the variation of strain with time in the Maxwell 
model can be represented as9 
 
η
σσ
+=
tE
e
d
d1
dt
d
.       Equation 2.5 
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This model is normally used to predict the exponential stress relaxation of an 
elastomer, where the strain is kept constant over a period of time. That is  
t
e
d
d
 = 0 or  
e = a constant. In this case Equation 2.5 can therefore be used to give 
 
ησ
σ dtEd −= .        Equation 2.6 
 
The Equation 2.6 can be integrated if at t = 0, 0σσ = and so 
 






−=
0
0 t
t
expσσ  .                                      Equation 2.7 
 
where 0t  is the relaxation time, η/E. This model is clearly limited when trying to 
describe the behaviour of elastomers as it indicates that the stress relaxes completely 
over a long time period. 
 
This model can be rewritten in term of creep by keeping stress constant. That is 
0
d
d
=
t
σ
   or  =σ  constant. Equation 2.5 can now be written as 
 
te dd
η
σ
= .         Equation 2.8 
 
This can be integrated if e=e0, at t=0  
 
η
σt
ee += 0 .        Equation 2.9
 
 
For the case of creep properties, the model indicates that the strain increases linearly 
with time. This does not reflect the measured creep behaviour of any elastomer. 
Therefore, the Voigt model was developed in order to explain the creep behaviour of 
an elastomer. 
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Voigt Model 
This model was first purposed by Kelvin9 and later, independently, by Voigt. 
Therefore, it is often known as the Voigt model9 and occasionally as the Kelvin 
model. The assignment of stiffness and viscosity to the spring and dashpot are done 
as with the Maxwell model. The Voigt model behaviour can be represented as 
 
ηη
σ Ee
t
e
−=
d
d
.        Equation 2.10 
 
To describe creep properties, the stress over a period of time is kept constant. 
Therefore, Equation 2.10 can be rearranged as 
 
η
σ
η
=+
Ee
t
e
d
d
.        Equation 2.11 
 
This differential equation has the solution  
 


	










−
−=
0
0 exp1
τ
σ t
E
e .      Equation 2.12 
 
In practice, it is more convenient to describe stress relaxation experiments by a 
generalised Maxwell model and creep experiments by a generalised Voigt model. 
One model that can represent both these properties is the Zener Model also known as 
the standard linear solid model. This model is shown in Figure 2-1(c). Here, a 
Maxwell element and a spring are mounted in parallel. Other even more complex 
models have been proposed. As the number of elements is increased then the 
mathematics also becomes more complex. It is worth emphasising that the 
mechanical models only give a mathematical representation of the measured 
behaviour and are not much use when trying to interpret the viscoelastic properties at 
a molecular level.  
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Figure 2-1 (a) Maxwell model (b) Voigt model (c) Zener model or (standard linear 
model). 
 
2.1.2 Hysteresis 
In dynamic applications, the fact that elastomers are viscoelastic materials and 
therefore contain both elastic and viscous elements is very important. The energy 
within a perfectly elastic material is completely recovered when the force is removed 
but the viscous element, which is caused by internal molecular friction, retards elastic 
deformation and energy is lost. This lost energy is dissipated in the form of heat 
generated in the elastomer. The amount of energy lost per cycle of deformation is 
known as the ‘hysteresis’. If force is plotted against deformation for a full loading 
and unloading cycle of deformation as shown in Figure 2-2, the area under the 
loading curve is proportional to the energy input and the area under the unloading 
curve is proportional to the energy returned. The difference represents the hysteresis 
loss. 
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Figure 2-2 The area between loading and unloading curve shows the hysteresis loop. 
The result is tested from the compression test of a cylindrical block with a testing 
strain rate of 0.001/s. The material type is SBR0 with 1.5 phr sulphur with the 
dimension of 25 mm in diameter and 16 mm in height. 
 
2.1.3 Mullins effect 
 
The stress strain response in a filled rubber typically depends strongly on the 
maximum loading previously encountered. It is found that on the initial loading, a 
virgin material exhibits a relatively stiff response. When the rubber is subsequently 
unloaded, then reloaded, the stress-strain curve follows a significantly lower path. 
After many cycles, the stress-strain response stabilises. If the prior maximum strain is 
not exceeded, the effect is relatively permanent10. This behaviour is widely known as 
the Mullins effect11. 
 
Figure 2-3 shows the cyclic force versus displacement for a load case where the 
strain increases each cycle. Clearly the reloading curves are significantly softer than 
the first loading curve up to the point of the previous maximum displacement. The 
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amount of the difference between the curves depends on the maximum strain 
experienced.  
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Figure 2-3 Stress-strain curves illustrating the Mullins softening for the first four 
loading cycles on a SBR cylindrical specimen with 70 phr carbon black with the 
dimension of 25 mm in diameter and 16 mm in height, strain rate 0.001/s. The 
number indicates the specific loading cycle. 
 
2.1.4 Dynamic properties of elastomer 
 
Gent9 defines the term “dynamic properties of elastomer” to refer to the behaviour of 
these materials when subjected to a stress or strain that changes with time. For a 
linear viscoelastic material undergoing a cyclic deformation, the strain lags somewhat 
behind the stress. Let strain be applied sinusoidally with times then 
 
tee ωsin0= ,        Equation 2.13 
 
where 0e  is the strain amplitude, ω  is the angular frequency and t is time. The 
applied stress σ  results from this strain may be considered as: 
1 
2 
3 
4 
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)sin(0 δωσσ += t ,       Equation 2.14 
 
where δ  is the phase angle or the relative angular displacement of the stress and 
strain. The relationship for stress can be alternately stated as: 
 


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e
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e ωδσωδσσ cossinsincos
0
0
0
0
0 .    Equation 2.15 
 
The stress can therefore be considered as being resolved into two components; one in 
phase with the strain the other pi/2 out of phase. Similarly, it is possible to define two 
dynamic moduli, 'E  which is in phase with the strain and "E which is pi/2 out of 
phase. This is frequently shown in complex notation where the complex modulus, 
∗E is given as: 
 
"iE'EE +=∗ .        Equation 2.16 
 
In these terms we may rewrite Equation 2.15 
 
eEe)"iE'E( ∗=+=σ .      Equation 2.17 
 
where ∗E is the complex modulus.  
 
The absolute value of the complex modulus is given by the ratio of stress amplitude, 
0σ to strain amplitude, 0e .  Thus 
 
∗E = =
0
0
e
σ
 
2
1
22 )"'( EE + = 2
1
2 ))(tan1(' δ+E .    Equation 2.18 
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For values when tanδ  is small, Equation 2.18 can be estimated as 'E  with 
0
0
e
σ
. Also, 
if the materials are incompressible, the tensile modulus is approximately equal to 3G, 
where G is the shear modulus. 
The energy dissipated eW  in a complete strain cycle per unit volume and the 
maximum energy mU  stored in a sample per unit volume during a half cycle are 
defined as9 
 
2
0e  e"EW =
        Equation 2.19 
 
and 
 
2
0m '2
1
eEU = .        Equation 2.20 
 
2.1.5 Measurement of the dynamic mechanical properties 
 
There are many different ways to determine the dynamic mechanical properties of 
rubber. The basic variables during a test are the force or deflection amplitude, the 
frequency, the temperature, the mode of deformation and test specimen geometry. 
Two fundamentally different approaches exist, the first method uses a free vibration 
method and the second uses a forced vibration method. 
 
With the free vibration method the rubber specimens are allowed to move freely at its 
natural frequency and the decay of oscillation with time is due to the viscoelastic 
properties of the rubber. The equation of motion used to analyse this type of test is 
given for a linear elastic and linear viscoelastic solid as12:  
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.      Equation 2.21 
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where x is the displacement, k is spring constant, and c is the viscous damping 
coefficient. After rearranging the terms, Equation 2.21 can take the following form 
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
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
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x
t
x
t
x
ωζω      Equation 2.22 
 
with nc 2 ωmc =  referred to as the critical damping viscosity, ζ  is referred to as the 
damping factor given by 
 
mK
c
m
c
22 n
==
ω
ζ =
cc
c
,      Equation 2.23 
 
where nω  is natural frequency given by, 
 
nω =
m
k
,         Equation 2.24 
 
The critical damping viscosity, cc is given when nc 2 ωmc = , where m is the mass 
supported by the system. In the case of a free torsion vibration, Equation 2.21 
becomes 
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where θ  is the twist angle and  K  is the torsional spring constant. 
 
With the forced vibration method, the specimens can be used to determine the 
dynamic properties at both high and low frequencies and at large and small strain 
amplitudes. The equation of motion used to analyse these dynamic experiments is9 
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This equation shows the behaviour of a linear elastic and linear viscoelastic material 
at a given frequency. In practice for polymers both k and c will vary with 
temperature, amplitude and frequency. Equation 2.26 can be solved and the steady 
state solution is 
 
2
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tsinF
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ωω
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+−
−
= ,      Equation 2.27 
 
where 
 
2ω
ωφ
mk
c
tan
−
= .       Equation 2.28 
 
Gent9 noted that the tangent of the phase angle of the system (sample plus mass) is 
different from the loss tangent for the sample alone, tan
k
c
'E
"E ωδ == . At low 
frequency the mass term becomes dominant and tan
.ω
φ
m
c
−= . From Equation 2.27 
the displacement amplitude is  
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Dimensionless expressions for the amplitude and phase then become 
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and 
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2.1.6 Effect of the static pre-strain on the dynamic 
mechanical properties of an elastomer 
 
The dynamic behaviour of a static pre-strain superimposed with an additional tension 
oscillation was first examined by Mason13-15. The results showed that both the storage 
modulus and the loss modulus increased with the static strain up to a high extension. 
Meinecke and Maksin16 studied the effect of carbon black on the dynamic behaviour 
of a tensile oscillation on a static strain. They explained the interrelation between the 
energy losses per cycle, the shape of static stress-strain curve and the tangent of the 
loss angle. Pond and Thomas17 also studied this behaviour using an oscillatory beam 
technique on natural rubber specimens subjected to a static pre-strain in tension. This 
experiment showed much larger losses when the oscillation is in the direction of pre-
strain, in contrast to an oscillation in the transverse oscillation. The difference was 
explained in term of chain orientation in two directions and the amplitude effect. 
Meinecke18 using conventional DMTA carried out experiments in NR at -26 C  and 
SBR at 26 C . Both experiments was carried on at a frequency of 1 Hz. Meinecke18 
suggested that at -26 C , the storage modulus and the loss modulus determined by a 
DMTA were independent of pre-strain up to an extension ratio of 1.7. The behaviour 
was explained in terms of strain amplification effect and carbon black structure. 
These results shown above did not base on the deformed geometry.   
 
First researcher who showed the results base on the deformed geometry were 
Akutakawa19 and Davies et al.20. They studied and explained the effects of a tensile 
pre-strain on the dynamic mechanical properties of an unfilled isoprene rubber (IR) 
and SBR using a free vibration technique. At low pre-strains the storage modulus was 
constant. However, above a certain threshold at extensions of about 1.5, it was seen 
to increase continuously with the extension ratio. The free volume in rubber matrix 
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was explained in this behaviour. Deeprasertkul21 and Busfield et al.22 extended their 
work. They studied the effect of a static pre-strain by using a free vibration technique 
adopted to measure both the small oscillation dynamic storage and loss modulus for a 
range of filled elastomers over a range of tensile pre-strains. It was observed that the 
storage modulus and loss modulus of carbon black filled elastomers were 
independent of the static pre-strain at low extensions. A combination of finite 
extensibility and strain amplification effects could be used to explain the increase of 
dynamic storage and dynamic loss modulus with the amount of carbon black loading 
at higher pre-strains. Swelling with different processing oils produced a relatively 
large decrease in both the storage and loss modulus when compared with the 
corresponding changes in an unfilled elastomer with swelling. These decreases can 
be at least approximately ascribed to a combination of the softening effects of 
swelling on the rubber matrix and the decrease, with swelling, in the effective volume 
fraction of filler. 
 
Kuhn and Kunzel5 studied the effect of a static tensile pre-strain on the viscoelasticity 
of a rubber strip subjected to a torsional oscillation. They reported that the viscosity 
decreased sharply with increasing pre-strain even with a modest degree of elongation. 
This behaviour was interpreted as a lowering of the internal viscosity due to chain 
orientation. The model concept is showing in Figure 2-4. In the upper model, the 
specimen is not stretched. The interlaced molecular chains cannot slide over one 
another during shear deformation but in the lower model, the specimen was stretched. 
The chain segments in a parallel alignment can slide more easily over one another. 
 
This is however a significant flaw in this argument, as the strains in their experiment 
were very modest and any orientation would be small, also they did not account for 
geometry changes in their theory. This effect is the major topic investigated in this 
thesis. 
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Figure 2-4 Model concept showing the dependence of viscosity on the degree of 
elongation5. 
 
2.1.7 Effect of frequency on the dynamic mechanical 
properties 
 
The effect of the frequency on the dynamic properties of elastomer has been of 
concern in engineering applications for a long time. However, the effect of the 
frequency on the dynamic properties of rubber is difficult to do experimentally due to 
the difficulty of obtaining a wide range of frequencies. Increasing the frequency 
increases the elastic and dynamic loss modulus of any polymer. Warnaka23 measured 
the dynamic properties of NBR over a range of strain amplitudes at room temperature 
with three different frequencies as shown in Figure 2-5. Payne and Whittaker24 also 
found that at similar strain amplitudes, the values of elastic storage modulus and 
δtan  increased with frequency. However the effect of test frequency on the dynamic 
properties are only modest for unfilled compounds and this is important when using a 
free vibration test, whose oscillation frequency is determined by the mass and which 
cannot be easily controlled.  
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Figure 2-5 Effect of dynamic shear strain on the dynamic properties of NBR with 19 
phr carbon black23 (1 PSI=0.0069 MPa, CPS (cycle per second or Hz)). 
 
2.1.8 Effect of strain amplitude on the dynamic mechanical 
properties 
 
Fletcher and Gent25 showed that the dynamic properties including storage modulus, 
loss modulus, and loss factor all depended on the strain amplitude, particularly at 
high filler volume fractions. This effect was extensively studied by Payne26-28 and is 
now commonly known as the Payne effect. Typical data from Payne and Whittaker27 
are shown in Figure 2-6. The storage shear modulus decreases by increasing the 
amplitude of the oscillation and also increases by increasing the filler concentration. 
From the graph, it is seen that there are limits at very small amplitudes and large 
amplitudes. Payne proposed that all the carbon black structure has broken down at 
the large strain amplitudes but at very low amplitudes, the deformation is too small to 
have any effect on the structure of the carbon black and the behaviour is therefore 
independent of strain amplitude. 
 
Figure 2-7 shows the loss tangent plotted against double strain amplitude on a 
logarithmic scale for a range of filler volume fractions. It can be seen that at small 
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amplitude the phase angle is remarkably constant with both strain and filler 
concentration. However, at large amplitude the phase angle increases with increasing 
amplitude and carbon black concentration. The graph of out-of-phase shear modulus 
is given in Figure 2-8. The graph shows the maximum "G occurs in the region where 
'G  changes rapidly. 
 
 
 
Figure 2-6 Variation of the dynamic shear modulus ´G , with strain amplitude for 
butyl rubber containing various volumes of high abrasion furnace (HAF) carbon 
black, tested at 1 Hz28. 
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Figure 2-7 Variation of the phase angleδ , with the strain amplitude of testing of 
butyl rubber containing various volumes of high abrasion furnace (HAF) carbon 
black, tested at 1 Hz28. 
 
Figure 2-8 Variation of the loss shear modulus "G , with the strain amplitude for 
butyl rubber containing various volumes of high abrasion furnace (HAF) carbon 
black, tested at 1 Hz28. 
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2.1.9 Effect of temperature on the dynamic mechanical 
properties 
 
The viscoelastic properties of an elastomer depend on the temperature and the rate at 
which the strain or stress is applied. Medalia29 stated that when the temperature is 
reduced, the thermal motion of the molecules becomes slower and as a results, the 
rubber appears stiffer. At very low temperatures, no molecular motion occurs. The 
elastomer shows a glassy behaviour where the deformation is principally due to the 
straining of the chemical bonds. At a temperature, defined as glass transition 
temperature, Tg the maximum rate of change of modulus corresponds to the highest 
value of tan represent the most important parameter determining the low temperature 
response of an elastomer. For natural rubber, decreasing of temperature will increase 
the mechanical properties, such as the storage modulus and the loss modulus, as shown 
in Figure 2-921. 
 
 
Figure 2-9 Temperature dependence of storage modulus (E′), loss modulus (E′′) and 
tan δ  for elastomer21. 
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2.1.10 Effect of crosslink density on the dynamic mechanical 
properties 
 
The influence of crosslink density on the dynamic mechanical properties of rubbers 
was first observed as the highly viscous flow of an uncured elastomer. In a cured 
elastomer the phenomenon29 is generally attributed to the slow response of the 
untrapped entanglements and the moment with time of the dangling chain ends. 
Consistent with the statistical theory of rubber elasticity, Akutagawa19 showed that 
the storage modulus of unfilled elastomer increased with the level of crosslinking. 
Medalia29 also reported the same trend with oil-extended natural rubber compounds 
where the storage modulus increased with the cure time. However, the different state 
of cure27,30 had a much smaller effect on the loss modulus. For different loadings of 
HAF 330 carbon black, Studebaker and Beatty31,32 reported that the dynamic storage 
modulus of carbon black filled natural rubber was a linear function of the crosslink 
density. They also showed that at a specific carbon black concentration and crosslink 
density and the dynamic storage modulus of SBR was around 1.47 times greater than 
that of natural rubber as shown in Figure 2-10. The loss angle also decreases with an 
increase in the degree of crosslinking.  
 
 
Figure 2-10 tanδ  as function of crosslink density32 
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Unfilled SBR showed a higher tanδ  than unfilled NR. This was presumably due to 
the higher internal viscosity of the molecular chains in SBR. However, this difference 
became less significant when carbon black was incorporated. Similar values of tanδ  
were obtained for NR and SBR at similar crosslink densities with 50 phr of carbon 
black incorporated.  
 
2.1.11 Modelling the large strain time-dependent behaviour 
of an elastomer 
 
The prediction of the mechanical behaviour of an elastomeric material has been an 
active research area for many years. The mechanical behaviour of an elastomer is 
known to be rate-dependent and exhibits hysteresis upon cyclic loading. Recently, 
many different constitutive models have been developed to model different aspects 
of these observations.  
 
One of the constitutive models which has been widely adopted in rubber engineering 
is the Bergstrom-Boyce model1,2 which claims to predict well both rate-dependent 
and stress relaxation behaviour. The theory is based on experimental observations 
that the mechanical behaviour can be decomposed into two parts: an equilibrium 
response and time dependent deviation from equilibrium. The model can be divided 
into two networks acting in parallel as shown in Figure 2-11. The first network (A) 
captures the equilibrium state referred as ‘perfect network’ and can be modelled by 
suitable elastic strain energy function such as Neo-Hookean or eight-chain33 model. 
The next is the network (B) which captures the time dependent deviation from the 
equilibrium state. The model (B) is modelled as parallel of perfect network and time-
dependent network to be considered in parallel. The total stress in the system is then 
given by BA TTT +=  where AT  is the equilibrium stress and BT is a time-dependent 
deviation stress from the equilibrium state. The total deformation gradient acting on 
both network A and B can be written BA FFF == . The Cauchy stress acting on 
network A can be obtained from the eight-chain network representation 
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The deformation gradient on network B can be decomposed into elastic and viscous 
parts: ve BBB FFF =  shown in Figure 2-11. The Cauchy stress acting on network B 
can be obtained in the same manner as for network A: 
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where BA , µµ  ate the initial shear modulus of network A and B, J=det[F], B is the 
bulk modulus, chainλ is an effective stretch measure that is given by 
[ ]( ) 21chain 3Btr /∗=λ , TFF32−∗ = JB , lockλ  is the locking stress and ( )xL 1−  is the 
inverse Langevin function which can be accurately approximated as 
 
( ) ≈− xL 1 1.31446tan(1.58986x)+0.91209x,   (if x <0.841360) and 
   1/(sign(x)-x)              (if 0.84136 x≤ <1). 
 
Bergstrom and Boyce1 developed the equation of reptation motion of free chain in 
polymer network and expressed in the form of the effective creep strain which will 
control the driving stress BT  in network B. The equation is given as: 
 
mCvv C )(]1[ BB1B 2 τλε −=
•
,      Equation 2.34 
 
where 
•
v
Bε  is the effective creep strain rate, 1C   is a non negative constant, B
vλ  is 
the effective stretch ratio in viscous part in network B, m  is a positive exponent, 
generally greater than 1, 2C  is an exponent, restrict to lie in [-1,0], Bτ  is the 
effective stress. 
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In the ABAQUS package, the Bergstrom and Boyce model is implemented and it can 
be used to predict the hysteresis behaviour and stress relaxation in an elastomer. The 
material constants ,,,,, BA21 µµmCC and S can be calculated from either biaxial or 
simple shear experiment data.  
 
 
Figure 2-11 Multiplicative decomposition of deformation1. 
 
2.2 Theories of Rubber like Elasticity 
 
Rubber is widely used in engineering applications and therefore a reliable large strain 
theory of rubber-like elasticity is required to explain the relationship between the 
stress and the strain during the design process. Treloar6, Gee34 and Rivlin35 
established the widely accepted theory for the elastic behaviour of rubber. The 
statistical-kinetic theory which they developed is based on the assumption that the 
elastic retraction force is due to the entropy change alone, which results from a 
configurational modification of the molecular network during the deformation of the 
elastomer. 
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2.2.1 Thermodynamics of elastomer deformation 
 
There are two phenomena which are observed in elastomers, which indicate that the 
elastic behaviour and the thermodynamic behaviour are related. Firstly, when an 
elastomer is stretched rapidly, it warms up. Conversely, when a stretched specimen is 
allowed to contract, it cools down36. Secondly, when a constant stress is applied to a 
rubber sample it contracts when the temperature is increased. It is possible to explain 
these two phenomena by considering the deformation of the rubber in 
thermodynamic terms, which is often described as the Gough-Joule effect6. From the 
first law of thermodynamics the change in internal energy dU in any process is given 
by6 
 
WQU ddd +=        Equation 2.35 
 
where dU is the change in the internal energy, dQ is the heat absorbed by the system 
and dW is the work done by the external force. The thermodynamic theory assumes 
that the deformation of the elastomer is a reversible process and hence the second 
law of the thermodynamics can be given as6: 
 
QST ddm = ,         Equation 2.36 
 
where dS is the change in the entropy of the system and Tm is the temperature. For a 
deformation at a constant temperature, the total work performed can be expressed in 
terms of the force, F and the extension dl, as 
 
dW=Fdl.        Equation 2.37 
 
Combining Equations 2.35, 2.36 and 2.37 allows the force, F in the tension mode to 
be expressed as6: 
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The first term on the right refers to the change in internal energy with extension and 
the second term to the change in entropy with extension. From thermodynamic 
considerations this is given as6: 
 
lT T
F
l
S






∂
∂
−=





∂
∂
mm
.       Equation 2.39 
 
Equation 2.38 now becomes 
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Figure 2-12 Stress as a function of absolute temperature for a natural rubber held at a 
constant strain6. 
 
This equation provides a framework to evaluate the internal energy and the entropy 
terms. Meyer and Ferri37 investigated the relation between the force at an applied 
strain of 350% and the temperature. The results were reported by Treloar6 and are 
shown in Figure 2-12. These results show that the relationship with the temperature 
in the rubbery region when the temperature is higher than Tg, is linear and can be 
extrapolated to approximately zero tension at absolute zero. This linear relationship 
also implies that the change in the entropy with an extension is temperature 
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independent. A zero intercept would indicate that there is no change in the internal 
energy associated with the extension. The small discrepancy can be explained by 
complications caused by the effect of thermal expansion. From a thermodynamic 
theory, it is seen that the deformation of the rubber network involves a reversible 
transformation of work into heat. This thermodynamic concept is a basic foundation 
for a statistical development of the kinetic theory of rubber elasticity, which is 
examined further in the following section. 
 
2.2.2 Statistical theory for rubber-like elasticity 
 
The statistical theory of rubber elasticity is developed from this thermodynamic 
concept. As is shown by Treloar6, the basis of this model is the behaviour of a single 
randomly configured elastomer molecule. The chain is idealised to consist of n freely 
jointed links each of length l.  
 
The probability density P(r) of finding the end of a molecular chain within a 
spherical distance r  of its origin is calculated using a Gaussian distribution model. 
 
( ) )(exp

22
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rb-  b r P 







= ,            Equation 2.41 
 
where b is considered to be a characteristic of a particular molecule. 
 
b
lnr 1)
3
2( 2
1
== ,                                         Equation 2.42 
 
where n is the number of links of length l in the chain. Therefore, the root mean 
square length is proportional to the square root of the number of links in the chain. 
 
lnr 2
1
2
1
2 )( =                              Equation 2.43 
 
and 
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2
2
3
nl
  =  b .        Equation 2.44 
 
It is worth noting that this expression is only approximate as its derivation assumes 
that the distance r between the chain ends is much less than the maximum or fully 
extended length of the chain nl . It is possible to derive from Equation 2.43, the mean 
square distance between the ends of the chain, denoted by 2r  as nl2. It can be shown 
that the statistical distributions of end-to-end distances of any polymer chains, 
whatever its geometrical structure, reduces to the Gaussian form if the number of 
flexible links is sufficiently large. This was shown to be true by Flory38, even when 
applied to cis-polyisoprene in which there is one double bond per each four carbon 
atom unit in the elastomer molecule. This double bond fixes the position of the two 
adjacent carbon atoms in a plane.  
 
The simple theory of rubber-like elasticity attributes the behaviour of an elastomer 
under a deformation to a decrease in the number of molecular conformations that are 
possible in a network as the material is stretched. This decrease results in an increase 
in the configurational entropy of the system. In the theory, the internal energy term is 
assumed to remain constant throughout the deformation. A single molecular chain 
shown in Figure 2-13(a), which has an end to end length r  has a configurational 
entropy, W associated with it, which is given by the Boltzmann relation, 
 
 W = -kTm ln P = kTmb2r2,        Equation 2.45 
 
where k is the Boltzmann’s constant and Tm is the absolute temperature. By 
considerations of the change in this energy term, the force F required to move a 
single chain end from a distance r to a distance r+dr is, 
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= .       Equation 2.46 
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Figure 2-13 The distance end to end for a single elastomer molecule. 
 
This statistical model for a single elastomer molecule can be regarded as an elastic 
spring, with a stiffness that is both proportional to absolute temperature and inversely 
proportional to the number of links in the molecule. The statistical treatment of a 
network of polymer molecules is similar in principle to the treatment of a single 
chain. The entropy of the whole network of chains, as a function of the macroscopic 
state of strain in the sample, is calculated. The free energy or the work of deformation 
can then be derived. From this the stresses can be calculated for a given deformation 
or a given state of strain. This approach has led to the derivation of a simple strain 
energy function, 
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−++−= λλλTNW k ,     Equation 2.47 
 
where N is the number of network chains in a unit volume, λi are extension ratios, 
and Tm is the applied temperature in Kelvin. It is convenient to write: 
 
 G=NkTm .            Equation 2.48 
 
Hence, 
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Therefore, the strain energy function represented by Equation 2.49 involves only one 
physical constant G, the shear modulus, which may be determined from the degree of 
crosslinking in the rubber. It follows from the assumption of constant volume that: 
 
1321 =λλλ ,        Equation 2.50 
 
so Equation 2.49 may also be written as 
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2
1 2
21
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2
2
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−λλλλGW .     Equation 2.51 
 
Thus, for an incompressible material, W is a function of two independent variables, 
in this case they are chosen to be 21 ,λλ . 
 
Rivlin39 showed that the statistical theory was the natural extension of Hooke’s law to 
large deformations, thus a material behaving this way is called Neo-Hookean. 
 
2.2.3 General theory of rubber-like elasticity 
 
Before the derivations of the statistical theory, a general treatment of the stress-strain 
relation of rubber-like solids began with Mooney40 and was further developed by 
Rivlin41 assuming that the material is incompressible and that it is isotropic in the 
unstrained state. Based on the symmetry considerations, appropriate measures of 
strain, independent of the choice of axes, are given by three strain invariants I1, I2, 
and I3, 
 
),,( 321 IIIWW = ,                                        Equation 2.52 
 
where 
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For an incompressible material where 3I = 321 λλλ =1, 2I  can be arranged as  
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Mooney40 derived, using only mathematical reasoning, the following strain energy 
function, 
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which was rewritten in terms of the two strain invariants defined in Equations 2.55 
and 2.56 as 
 
( ) ( )33 2211 -IC + -ICW  =  .      Equation 2.56 
 
Typically this expression and other similar strain energy functions are written in 
terms of the three strain invariants. The Mooney SEF contained two elastic constants 
1C  and 2C and is simplified to the Neo-Hookean equation, as given in Equation 2.56 
when 21 /GC =  and 2C =0 or in terms of the strain invariants, as 
 
( ) -IGW  =  3
2 1
       Equation 2.57 
 
or 
 
( )
 -ICW  =  311 .                                                                    Equation 2.58 
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More generally, Rivlin41 showed that for a pure homogenous strain, a set of 
relationships exist between the principal extension ratios 1, 2 and 3 and the true 
principal stresses referred to the deformed dimensions T1, T2 and T3, and the partial 
derivatives of W with respect to the two strain invariants I1 and I2. These relations are 
given as  
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The engineering stress iσ , which relates to the undeformed dimensions, is related to 
the true stress Ti by, 
 
i
i
i λσ
T
  =  .                                                          Equation 2.60 
 
From these relationships can be derived a reduced stress term, ∗σ  in a variety of 
simple homogenous deformation modes. The reduced stress term for a uniaxial 
deformation shown in Figure 2-14(a) can be derived from Equation 2.59 and 
Equation 2.60. The reduced stress is given by, 
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And in pure shear, as shown in Figure 2-14(c), the reduced stress is given by 
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The simple shear deformation shown in Figure 2-14(b) cannot be evaluated directly 
using the framework of the principal extensions. However, Rivlin41 showed that in 
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simple shear, the reduced stress term ∗σ  was the shear stress τ  divided by the shear 
strain γ  , thus 
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In simple shear the shear strain γ   is related to the strain invariants I1 and I2 thus  
 
3).-(  =  3)-(  =   212 II                                              Equation 2.64 
 
For the torsion of the right-circular cylinder shown in Figure 2-14(e), the strain 
energy function W is given in form of strain invariants I1 and I2 
 
),( 21 IIWW = .                                                                 Equation 2.65 
 
When a cylinder shape is twisted, there are two forces acting. The first is the 
distributed surface traction, Θ  acting azimuthally to deform the cylinder (effectively 
generating a torsional couple on the cylinder)42. Second is the normal surface 
traction, Z  which can be calculated as the axial force. 
 
Θ and Z are measured per unit area of the surface on which they act and their 
distribution over the plane ends of the cylinder and depending on ψ = ( )lθ  were 
given by Rivlin42 as: 
 






∂
∂
+
∂
∂
=Θ
21
2
I
W
I
W
rψ  and      Equation 2.66 
 
dr
I
W)r(
II
W)r(
I
W
I
W
I
W
r
I
W
aZ
r
a
⋅

	




∂
∂
++
∂∂
∂
++
∂
∂
−









∂
∂
−
∂
∂
+
∂
∂
−= 
2
2
2
22
21
2
22
2
1
2
21
2
1
22
232
222
ψψ
ψψ
   Equation 2.67 
 
CHAPTER 2   Literature review 
 56 
where r is the distance of the point considered from the axis of the cylinder, and a is 
the radius of the cylinder . For the deformation considered, 
 
22
21 3 rII ψ+== .       Equation 2.68 
 
The distributed surface traction Θ , over the end of the cylinder is statically 
equivalent to a couple M  given by Rivlin42 as: 
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The resultant N of the distributed normal surface tractions Z  is also given by 
Rivlin42 as: 
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If the cylinder is maintained unstretched, so that λ =1, Equation 2.70 becomes  
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From Equation 2.69 and Equation 2.71 we have 
 
[ ] 





−⋅

	




=
=
= 2
0
2
0
12 λλψ ψ
ψ
M
aN .     Equation 2.72 
 
From Equation 2.72 it is clear that the ratio between the load necessary to produce 
the simple extension ratio and the torsion modulus is independent of the form of the 
strain energy function. This independence suggests that this geometry would be a 
good one for validating any modelling techniques as it would be only the validity of 
any geometric model that would be shown. 
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Figure 2-14 Five homogeneous deformation modes used to characterise elastomer 
materials (a) uniaxial tension, (b) simple shear, (c) pure shear, (d) biaxial tension and 
(e) simple torsion. 
 
2.3 Elastomers 
 
The single most important property of an elastomer, that from which their name 
derives, is their ability to undergo large elastic deformations, that is, to stretch and 
return to their original shape in a reversible way. The schematic in Figure 2-15 shows 
that elastomers are commonly composed of –C-C- backbone chain. The bond angle6 
is fixed 109.5   shown in Figure 2-16, but the torsion angle can change, allowing the 
macroscopic shape of the chain to exhibit a large number of different conformations 
ranging vary from being linear to being tightly coiled.  
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Figure 2-15 The deformed state and undeformed state of a rubber molecular 
network. 
 
Polymers that exhibit elastomeric behaviour typically satisfy the following three 
requirements36. 
• The temperature is above the glass transition temperature, gT . The glass transition 
temperature can be considered as the temperature at which the polymer changes 
from the glassy state to the rubbery state. 
• The polymer must not be highly crystalline. 
• The polymers are typically lightly crosslinked by either chemical bridges or by 
physical junctions. 
 
 
Figure 2-16 A schematic of carbon-carbon backbone showing the fixed bond angle. 
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2.3.1 Elastomer types 
 
Rubber can be classified into two types, thermosets and thermoplastics. Thermosets 
are three-dimension molecular networks, with the long chain molecules held together 
by chemical bonds known as crosslinks. They can absorb compatible solvents and 
swell, but do not readily dissolve. They cannot be reprocessed by simple heating. 
Thermoplastic rubbers, on the other hand, are not crosslinked. They may be dissolved 
in suitable solvents and can be repeatedly processed.  
 
Styrene-Butadiene Rubber (SBR) 
Styrene-butadiene rubber (SBR) is a co-polymer of styrene and butadiene. The most 
commonly used polymer contains about 23% styrene which gives a Tg of 
approximately -55 C . Altering the styrene fraction changes the glass transition 
temperature. SBR is synthesised via free radical emulsion polymerization in water, or 
anionically in solution. 
 
When emulsion polymerization is carried out at a higher temperature ( C50≈ ), the 
rate of radical generation and chain transfer is high, but the polymer form is highly 
branched. To overcome this, the polymerisation temperature can be lowered 
( C5−≈ ), producing ‘cold’ emulsion SBR, with less branching, which produces 
stronger vulcanisates9. 
 
Natural Rubber (NR) 
Natural rubber (NR) is produced from latex of Hevea Braziliensis tree. Because of 
stereo regularity, NR crystallises at low temperatures and upon straining. Strain 
induced crystallisation imparts outstanding green strength and tack and gives 
vulcanisates with high crack growth resistance even at high deformation9. Its Tg is 
about -70 C , and its structure is completely cis-1,4-polyisoprene, except for the 
chain ends. NR melts are susceptible to degradation upon shearing.  
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Silicone rubber  
More precisely called polymerized siloxanes or polysiloxanes, silicones are mixed 
inorganic-organic polymers with the chemical formula [ ]
n2SiOR , where R is an 
organic group such as methyl, ethyl, or phenyl. These materials consist of an 
inorganic silicon-oxygen backbone (…-Si-O-Si-O-Si-O-…) with organic side groups 
attached to the silicon atoms, which like carbon have a valency of 4.  
 
In some cases organic side groups can be used to link two or more of these -Si-O- 
backbones together. By varying the -Si-O- chain lengths, side groups, and 
crosslinking, silicones can be synthesized with a wide variety of properties and 
compositions. They can vary in consistency from liquid to gel to rubber to rigid 
plastic. The most common siloxane is linear polydimethylsiloxane (PDMS), silicone 
oil. The second largest group of silicone materials is based on silicone resins, which 
are formed by branched and cage-like oligosiloxanes. 
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Figure 2-17 The chemical formulation of SBR, NR and Silicone rubber21. 
 
2.4 Fillers 
 
Fillers are added to rubber for a range of reasons including cost reduction increasing 
the modulus and they are important for strength improvement. Some strongly 
reinforcing fillers can increase the strength of a rubber by more than an order of 
magnitude. Reinforcing fillers are particularly important for synthetic rubber, where 
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the unfilled rubber has virtually no practical applications because of its very poor 
strength. To be a good reinforcing filler, the filler must have a very high specific 
surface area to interact with a large amount of rubber in the compound43. The type of 
filler used in a specific application must be selected carefully, depending on the 
specific service requirements. Two types of fillers that are most effective for 
reinforcing rubber are carbon black and silica. 
 
2.4.1 Carbon black 
 
Carbon black is produced by the incomplete combustion of organic substances. 
Carbon black primary particles have an onion-like paracrystalline structure. The 
carbon black surface has functional groups that can react with the rubber molecules. 
The summary of the microstructure of carbon black can be found in publications by 
Donnet and others44,45. The two characteristics of carbon black aggregates primarily 
responsible for its performance when compounded into rubber are particle size and 
structure. The electron micrograph of carbon black shown in Figure 2-18 indicates 
that aggregates, the smallest dispersible unit of carbon black, are made up of 
spherical nodules or domains of carbon that are fused together into a structure that 
superficially resembles grapes in a bunch. 
 
For convenience, the spherical nodules are referred to as particles, but they are not 
individual particles. High resolution TEM shows that the nodules share graphitic 
layer planes toward their outer layer. The basic individual carbon black particle is 
thus the aggregate. The bond strength between individual nodules is reasonably high, 
but it can still be broken up somewhat when subjected to high shear force during 
rubber mixing operation. Structure refers to the number of nodules in an aggregate, 
and the shape of an aggregate. A low structure black may average less than 30 
particles or nodules per aggregate, whereas a high structure black may average more 
than 200 particles per aggregate. The primary structure is the single aggregate. A 
secondary structure is the agglomerate, which is clusters of physically bound and 
entangled aggregates, held together by binder used in the beading process and 
possibly by van der Waals forces as well. Agglomerates can still be resolved in some 
poorly dispersed rubber mixes.  
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Figure 2-18 Transmission electron micrograph image of carbon black 
microstructure, Left: N110, right: N12143. 
 
Carbon black is classified in several ways. Historically carbon black was classified 
according to their levels of abrasion resistance; super abrasion furnace (SAF), 
intermediate super abrasion furnace (ISAF), and high abrasion furnace (HAF). 
Extrusion rate is another way to classify carbon black, where fast extrusion furnace 
(FEF) and general-purpose furnace (GPF) are in that category. There are other 
classifications, all of which depend on their manufacturing process, structure and 
surface area. The most common system used now is the American Society for 
Testing and Materials (ASTM) which has adopted a four-digit classification system. 
In this system, the first letter indicates the choice of suitable curing system, with S for 
the slow curing and N for normal curing. The second digit, 0-9 indicates particle size 
range. Generally, the selection of the carbon black depends on the specific 
application and its economics. Donnet et al.44 proposed that the scale of the effect of 
carbon black is based on 4 factors. 
 
• The surface area of the filler in contact with rubber per unit volume. 
• The interaction between the rubber and the filler. 
• The structure and the porosity of the filler. 
• The dispersion of the filler within the rubber. 
 
The effect of carbon black on the properties of an elastomer has been reported by 
many investigators and reviewers in the past. However, some behaviours are still not 
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fully understood. For example there is no definitive explanation of the reinforcing 
mechanism. Many mechanisms have been proposed in the past, including a 
mechanical interaction model, a bound rubber model, a physical interaction model, 
and a chemical interaction model. The significant effect of the carbon black on the 
filled rubber compound behaviour when subjected to a complex loading is also still 
not fully explained. The various mechanisms that have been proposed previously are 
presented later. 
 
2.4.2 Silica 
 
Silica was first used as a polymer filler in the late 1940s43. Since then it has 
progressed from being a simple filler used to reduce the cost of a rubber compound to 
an important reinforcing filler, especially in the tyre industry, where the use of silica  
leads to a lower rolling resistance and a higher fuel efficiency whilst maintaining 
good traction46. There are 2 types of silica widely used. The first is fumed silica, also 
known as pyrogenic silica, which is a non-crystalline, fine-grain, low-density and 
high-surface area silica which is the silica studied in this thesis. The second is 
precipitated silica. Precipitated silica is the most reinforcing non-carbon black filler 
and is closest to carbon black in its rubber compound properties. The formation of 
precipitated silica is a chemical reaction of sodium silicate and sulphuric acid. The 
chemical reaction is an equilibrium reaction which can be influenced by process 
parameters such as pH, temperature and concentration. The most important 
properties: surface area, structure, and silanol group density, are all controlled 
carefully in the precipitation process.  
 
However, silica has significant penalties as it costs more than carbon black, is an 
electrical insulator and costs more to mix into the rubber compound. With a similar 
surface structure and area to carbon black, silica shows much lower polymer-filler 
interaction and tends to agglomerate, forming a filler network in the compound. The 
discovery of silane coupling agents in 197247 is the reason why silica has been much 
more widely used in the tyre industry recently. The coupling agents reduce 
agglomeration and significantly improve the properties. 
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2.4.3 The mechanism of filler reinforcement 
 
Commonly, carbon black reinforced elastomers show an increase in both their 
strength and stiffness properties, resulting from the rubber-carbon black network or 
carbon-carbon interaction. Although the actual mechanisms of reinforcement are not 
clear, the fundamentals of this reinforcement are related to the interaction between 
carbon black and the elastomer molecules. Many theories have been proposed to 
explain the definitive rubber-carbon black network model.  
 
Hydrodynamic theories 
Reinforcement of carbon black filled rubber has been discussed by many 
investigators in conjunction with the volume loading of carbon black. The initial 
concept being that in a filled elastomer subjected to a strain, the rigid filler does not 
deform in contrast to the soft rubber matrix. The presence of those rigid particles 
stiffens the compound in a way that is similar to the increase in the viscosity of a 
liquid due to the incorporation of rigid fillers. Smallwood30 adapted the viscosity 
relation due to Einstein48,49 (for a liquid filled with rigid spheres) and created an 
analogous hydrodynamic relation for the modulus:  
 
( )f0 521 V.EE += ,       Equation 2.73 
 
where E is elastic modulus of filled rubber, 0E  is elastic modulus of the unfilled 
rubber and fV is volume fraction of filler. 
 
In deriving Equation 2.73 no account was taken of the interaction between 
neighboring filler particles. Guth and Gold50 added on the extra term to account for 
this which introduced an additional square of the concentration term: 
 
( )2ff0 114521 V.V.EE ++= .       Equation 2.74 
 
However, carbon black aggregates are not usually spherical in shape. Therefore, 
Equation 2.74 was further developed by Guth51 to introduce a shape factor. The 
equation now is given by 
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( )2f2f0 6216701 V.V.EE αα ++= ,     Equation 2.75 
 
where α  is the shape factor which is determined by a consideration of the average 
filler shape. 
 
The accuracy of the prediction for the modulus of the carbon black filled elastomer 
system clearly depends on the value used for the shape factor. 
 
Strain amplification of Mullins 
One, consequence of the addition of rigid fillers is that the local matrix strain in the 
rubber will be higher on average than that applied to the bulk. This effect is known as 
strain amplification. In order to account for strain amplification on the rubber 
compound behaviour various approaches have been made including the modification of 
the statistical theory of rubber elasticity by Mullins and Tobin52, Blanchard and 
Parkinson53, Bueche54 and others. The well-known Mooney55 stress, σ  versus 
extension ratio, λ  relation for a rubber in simple extension is  
 
( )( )221 122 λλλσ //CC −+= ,     Equation 2.76 
 
where 1C , 2C  are the Mooney coefficients, and λ  is extension ratio.  
 
Mullins and Tobin52  suggested to replacing the extension ratio, λ  by an estimate of 
the effective strain , 'λ , in the rubber matrix by the Guth equation: 
 
( )2ff 114521 V.V.' ++= λλ        Equation 2.77 
 
This factor agrees with only the large particle size and for small to moderate strains.  
 
Blanchard and Parkinson mechanism 
Blanchard and Parkinson53 believed that the strain amplification could not explain 
satisfactorily all the phenomena of filler reinforcement. They suggested that reinforcing 
fillers cause transient networks in the rubber. The network could change due to the 
formation of weak and strong linkages with the filler. They proposed that the classical 
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cyclic stress softening known as the Mullins52 effect results from the breaking of weak 
linkages. Their concepts of weak and strong linkage can contribute to both stress 
softening and strain hardening. 
 
Bueche’s chain breakage mechanism 
Bueche54,56 reviewed the mechanism of stress softening and filler reinforcement using 
this concept of the breakage of network chains and their attachment to adjacent filler 
particles. At small elongations, the shortest chains will break first and for larger 
elongation these broken shorter chains will not effect the stiffness or modulus. Bueche 
attributes the stress recovery due to the replacement of the original broken chains by 
other similar chains but he did not clearly explain how it this chain replacement occurs. 
 
Bound rubber 
The first description of the bound rubber phenomenon was set by Twiss57 in 1925 
and since then it has been widely studied. It has long been recognised as an important 
factor in the mechanism of rubber reinforcement. A comprehensive study of recent 
investigations on bound rubber was given by Dannenberg58-60. Bound rubber is the 
insoluble polymer left fixed to the filler surface, when an uncured rubber compound 
is placed in a good solvent such as benzene. A portion of the bound rubber, nearest 
the carbon black surface, is believed to behave like a glass. The polymer molecule 
mobility increases with distance from the carbon black surface. The overall reduction 
in polymer mobility associated with bound rubber gives a broad relaxation behaviour 
of the rubber compound. 
 
Generally, bound rubber is a measure of the degree of adsorption of the elastomer 
molecule onto the filler surface. It is assumed to be a measurement of the reinforcing 
behaviour of the carbon black. Bound rubber is formed during both the mixing and 
the pressurised vulcanisation stage of manufacture. The interaction between the filler 
and the elastomer is both physical and chemical in nature. The bound rubber forms 
by the mechanical breakdown of both the elastomer and carbon black aggregates. 
The new surfaces of the elastomer and the carbon black are highly reactive and can 
form van der Waals bonds and covalent bonds due to free-radical interactions. The 
reduced mobility of the elastomer chains near to the filler results in an increase in the 
stiffness of the rubber-carbon black network61. As the bulk glass transition 
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temperature ( gT ) reflects the mobility of the elastomer molecules, it is expected to 
change somewhat by the incorporation of the carbon black. Dannenberg59 used NMR 
techniques to measure the thickness of the bound rubber and found that it varied 
between 0.5-5 nm. The volume of bound rubber is proportional to the surface area of 
the filler present in a given volume59,60, this value increased by an increase in the 
structure of the carbon black. 
 
Mechanical interaction model 
The mechanical interaction model is explained by considering the relation between 
the occluded rubber and the void volume in the carbon black aggregate62. 
Medalia62,63 was the first author to point out that occluded rubber is a geometrical 
concept. It refers to the rubber which is situated within the irregular contours of an 
aggregate and which would be partially shielded from any deformation when the 
carbon black-filled rubber network is strained. The immobilisation of some 
molecules in the form of occluded rubber causes this part of the rubber to behave like 
the filler rather than like the polymer matrix. This increases the effective volume of 
the filler. Kraus64 proposed that the internal void volume in carbon black aggregates 
was proportional to the Dibutyl Phthalate Absorption (DBPA), in which the void 
volume filled almost completely with DBP consists of the void volume within 
equivalent spheres, related to the projected area of the aggregates measured using an 
electron microscope, and the void volume between the spheres in a closely-packed 
state. Using this approach, Medalia65 proposed the following empirical equation to 
calculate the occluded rubber: 
 
( ) 461DBPA0213901ff ./.V'V += ,      Equation 2.78 
 
where 'Vf  is the effective volume fraction of filler plus the occluded rubber, and fV  
is the volume fraction of filler alone. 
 
Using this approach allows the amount of occluded rubber to be included when the 
relationships are derived to calculate the effect of the carbon black on the mechanical 
properties of the base elastomer. 
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Physical interaction model21 
The van der Waals forces between the carbon black surface and elastomer matrix is 
another source of reinforcement. The reaction occurs only at the interface and it 
reduces the mobility of the elastomer molecules which may become orientated. Both 
phenomena influence the viscoelastic properties of the elastomer. The evidence for 
the chain orientation due to physical interactions are obtained by the observation of 
the properties of the carbon black filled non-crystallised elastomers. Normally, non-
strain crystallising elastomers have poor properties. However, some show good 
mechanical properties when carbon black is incorporated. This suggests that some 
chain orientation due to the physical interaction between carbon black and the 
elastomer occurs in carbon black filled elastomers. 
 
Chemical interaction model 
The chemical interaction model assumes that the elastomer molecules are grafted 
onto the carbon black surface by covalent bonds. The interaction is caused by a 
reaction between the functional group at the carbon black particle surface and the 
free radicals. Pike and Watson66 suggested that these free radicals were formed 
during the chain scission processes that occur during rubber mixing. Free radicals are 
also formed when the carbon black filled elastomer is strained. The carbon black 
particle surface is active due to the presence of functional groups such as phenolic, 
hydroxyl or carboxyl groups. This mechanism has been confirmed by Donnet et 
al.44,45 using graphitised carbon black where the surface activity and structure of the 
carbon aggregates is altered by a heat treatment. These experiments indicated that the 
mechanical properties were significantly reduced when compared to the properties of 
an elastomer reinforced with a normal carbon black.  
 
Molecular slippage mechanism 
Dannenberg59 and Houwink67 also studied filler reinforcement. Their mechanism 
assumes that, under stress, the surface-absorbed network segments move along the 
surface, accommodating the imposed stress and preventing molecular rupture. This 
movement inhibits the rupture of the network chain by redistributing the stress to 
neighbouring chains. This is effectively a yielding without fracture mechanism that 
helps increase the strength. The rearrangement due to the applied stress increases the 
hysteresis in the loading cycle. On the removal of the stress, the elastomer-carbon black 
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system will regain a more random orientation, however this is a time dependent process 
that results only in a slow molecular rearrangement at the filler surface. This 
mechanism helps to explain many of the viscoelastic behaviour observed with a filled 
rubber including hysteresis, reversible and irreversible stress-softening behaviour, as 
well as the increased strength. A schematic is shown in Figure 2-19. 
 
 
Figure 2-19 Molecular slippage model of reinforcement mechanism59. 
 
Fukahori’s super-network mechanism 
Fukahori68 maintained that none of these mechanisms can adequately explain all the 
phenomenon of the filled rubber, including the stress upturn at large strain, Mullins 
effect, and the stress decreasing rapidly during unloading. He therefore proposed a 
new interface model to explain carbon black reinforcement. As shown in Figure 
2-20, this new model has a double-layer structure of bound rubber, including an inner 
polymer layer in the glassy state (Glassy Hard or GH layer) and an outer polymer 
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layer (Sticky Hard or SH layer). Molecular motion is strictly constrained in the GH 
layer and considerably constrained in the SH layer compared with matrix rubber 
present elsewhere. Figure 2-20(b) is the more detailed representation to show the 
molecular packing in both layers according to their molecular mobility estimated 
from the pulsed-NMR measurement. He explained that the modulus of filled rubber 
increases over and above the hydrodynamic effect due to the increase of the GH layer 
which is nearly 10% of the diameter of the carbon particle. The large extension 
modulus increase is due to the SH layer. In this case, molecules in the SH layer slide, 
orient and extend along the extension direction and finally produce strands of 
oriented molecules at a very large strain, as shown in Figure 2-21. In this situation, 
the molecules within the SH layer are extended much more than those in the matrix 
rubber, then the strain at break of the filled rubber can be bigger than that of the 
unfilled rubber. Additionally, SH layer can sandwich between two adjacent carbon 
particles and constructs the network of the strands of oriented molecules 
interconnected by carbon particles (the super-network). These make the stress 
sharply upturn at large extension. The Mullins effect can then be considered in terms 
of the buckling of the super-network as shown in Figure 2-21(b). 
 
 
Figure 2-20 Interface model consisting of GH layer and SH layer68. 
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Figure 2-21 Super-network structure of strands of oriented molecules interconnected 
at carbon particles (a) and buckling of super-network during unloading (b)68. 
 
2.4.4 Effect of coupling agents in the silica filled compounds 
 
A silane coupling can promote the interaction59 between the rubber matrix and silica, 
by reacting between the filler surface and the elastomer molecule. One of the most 
effective coupling agents for sulphur vulcanised rubber is -
mercaptopropyltrimethoxysilane69. This silane reacts with surface silanol groups of 
silica by hydrolysis of its methoxy groups followed by condensation and with the 
carbon to carbon double bonds in the elastomer chain during vulcanisation by means 
of the mercapto functionality shown in Figure 2-22. 
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Figure 2-22 Possible mechanism for reaction of -mercaptopropyltrimethoxysilane 
in a silica filled sulphur cured elastomer system59. 
 
Dannenberg59 showed that the coupling agent can significantly improve the 
mechanical properties of a silica filled styrene butadiene rubber. He explained that 
the chemical bonding of elastomer phase to the filler surface improves dispersion and 
prevents the formation of aggregates. Because of these effects, the low strain 
stiffness decreases and modulus at high strain increases. Moreover, the loss modulus 
is  lower, which reduces tanδ70. There are three main reasons for reduced hysteresis 
loss of the compound under strain47. Firstly, the energy consumed when the rubber 
molecules slide over filler is low because the silica-rubber interaction is relatively 
weak compared with the carbon black-rubber shown the Figure 2-2371. This graph 
shows the graph of the energy of absorption of acetonitrile, MeCNG ∆−  versus the 
energy absorption of heptane, C	G ∆− . The experiment was done at 150 C . 
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Figure 2-23 Energy absorption of acetonitrile versus those of heptane for dry-
pelletizes carbon black () and precipitated silica (),fumed silica ()71. 
 
Secondly, some of rubber is chemically immobilised on the surface and cannot move 
even at very high stresses. Thirdly, the silica-silica bonding is reduced after 
silanisation and therefore the break down of the filler structure under deformation 
requires less energy than for carbon black or unmodified silica. All three effects 
reduce the hysteresis energy in a cycle. 
 
2.5 Engineering Design with Elastomers 
 
To start designing with elastomers and assuming small elastic strains, the behaviour 
like most isotropic solids can be described by just two fundamental elastic constants. 
The first one is the shear modulus G , which is defined as the ratio between applied 
shear stress, τ  and the resulting shear strain,γ . The second term is the bulk modulus 
B which is the ratio of an applied hydrostatic pressure to the volumetric strain.  The 
other constants used in linear elastic small strain behaviour are the tensile modulus E 
and Poisson’s ratio, ν . The parameters are related as36: 
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)1(2 ν+=
EG .        Equation 2.79 
 
and 
 
)21(3 ν−=
EB .        Equation 2.80 
 
In engineering material terms, elastomers are very low in both the shear and tensile 
moduli (about 0.5-2 MPa) while the bulk modulus is typically very large (about 1.5-
2.0 GPa). From the equations above, this gives a value of Poisson’s ratio that is very 
close to 0.5 and the tensile modulus is almost equal to 3G . For many applications the 
elastomer can be considered as being incompressible and the elastic behaviour at 
small strain can be described by a constant G. The difference between the elastic 
modulus and the bulk modulus is an important factor when designing elastomeric 
components because if a given volume of the elastomer is fixed in shape, then the 
part can be made to have a very high compression stiffness whilst maintaining a very 
low shear stiffness. This behaviour is used widely for example in the design of the 
base isolation units for earthquake protection or in mounting systems used in 
automotive applications72. 
  
2.5.1 Elastomer/metal bonded block in compression 
 
Many applications for bonded rubber components are used in compression or the 
shear mode of loading. The elastic behaviour of bonded rubber blocks has been 
characterised under compression, tension and shear loading. The basic equation for 
the compression stress-strain relationship in bonded rubber blocks is given below73 
 
Kc= 
c
c
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F
=
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,       Equation 2.81 
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where cK is compression spring rate, cF  is applied force in the compression 
direction, cd  is compression displacement, cA  is loaded cross section area, cE  is 
effective compression modulus and kt  is the mount’s thickness. 
 
Typically the behaviour of these types of mount is expressed in term of and 
equivalent tensile modulus measured in compression, cE , using linear elastic theory 
and therefore by assuming that the shear modulus for the material G is a constant, 
they derived the following relationship was derived36, 
 
cE = 3G (1+2 2hS ),       Equation 2.82 
 
where the shape factor hS  is defined as the loaded area divided by the force free area. 
Therefore for a cylinder the shape factor is given as, 
 
hS h
r
2
= .        Equation 2.83 
 
where r is the radius and h is the height of the elastomer block. 
 
2.5.2 Elastomer/Metal bonded block under shear 
 
The response of an elastomer to a shear loading has also been treated thoroughly in 
several applications74,75. When a bonded rubber block is sheared by a force F, the 
shear stiffness, sK  is given as
9
: 
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K == .       Equation 2.84 
 
where ampa  is the simple shear amplitude. 
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2.5.3 Elastomer/Metal bonded block under torsion 
 
The basic equation of torsional stiffness, 
K  for a bonded cylindrical rubber block is 
given by9 
 
l
GrMK
4
 2
 == θ
,       Equation 2.85 
 
where M is the torque, l is the length of the cylinder, G is the shear modulus, r  is the 
radius and θ  is the twist angle. 
 
2.6 Finite Element Analysis (FEA) 
 
The work by Turner et al.76 is often considered as origin for the birth of the ‘finite 
element method’ The name was first used by Clough77 who saw a model as 
consisting of a “finite number of elements”. The Finite Element Method (FEM) has 
developed into a key, indispensable technology in the modelling and simulation of 
advanced engineering systems in various fields such as building, transportation, 
health care, materials and communication. FEM was first used to solve problems of 
stress analysis and has since been applied to many other problems like thermal 
analysis, fluid flow analysis, and non linear dynamics78. There are many text books 
that provide a full discussion of finite element theory. Essentially, if you presume a 
three dimensional structure exists which is subjected to a load, such as a mechanical 
loading, then the unknown displacement would be required. To solve this problem 
with FEA, the structure is divided into an assembly of subdivisions called elements. 
Each element connects to its neighbour at junction points called nodes. The variable 
is assumed to vary over each element according to a predefined equation, with the 
type and the number of elements chosen so that the variable distribution through the 
whole body is adequately approximated by the elemental representation. Defining the 
distribution of the variable across each element could be done by either a polynomial 
(linear or quadratic) or trigonometric functions. The governing equations will be 
calculated and assembled to give the system equation after the problem has been 
broken down for each element. There are different methods used to calculate the 
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element equations but for a particular type of element in a specific problem type such 
as a stress analysis, they are all similar. Thus once the general format of the equations 
for an element is derived, the calculation of the equation for each occurrence of that 
element is simple. It is a process of substituting the materials properties, nodal 
coordinates and loading conditions of each element into a general format.  
 
For a force displacement analysis these generally take the form36, 
 
[K]{ } { }FU =        Equation 2.86 
 
where [K] is a square matrix, generally known as the stiffness matrix of the entire 
model, { }U  is the vector of unknown nodal displacements, and { }F is the vector of 
applied nodal forces. The equation shows the relationship between load-displacement 
and the stiffness of model. Boundary conditions have to be applied to the structure. 
For stress analysis problems, the body must be constrained to prevent it from 
performing unrestricted rigid body motion74.  
 
However, when a structure composed of many elements is being analysed, this type 
of method can be complicated and involve the solution of a large number of 
simultaneous equations. In the past, many researchers have worked to develop the 
method and analysis techniques to reduce the number of equations and to complete 
the analysis, based on the physical approximation of the structure behaviour. 
Recently, the advancement of computation technology, for example, the use of high 
speed processors, large memory chips and the rapidly increasing disk space have 
made it easier to solve problems with large numbers of simultaneous equations.  
 
2.6.1 Geometric representation and model simplification 
 
In every types of finite element package, the first step is to divide the model into 
elements in such a way that the unknown field variable is represented through out the 
body. Careful planning of this model can cause considerable savings in time and 
effort later. Economics in solution time can usually be made by simplifying the 
problem, and by taking advantage of any symmetry in the body. 
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Some models can be solved simply designed as two-dimensional representations such 
as plane stress or plane strain. The solution of a general continuum problem by the 
finite element method always follows an orderly step-by-step process. With reference 
to a static structural problems, the step-by step procedure can be stated as follows36: 
 
1. Determine the most suitable type of analytical model to accurately represent the 
component behaviour. The types of approximation possible include the use of 
beam elements, shell elements, 2D continuum elements or a full three-
dimensional analysis model.  
2. Break up the model into finite elements and create an input deck, which is a 
description of the geometric problem in a tabulated form. This is usually achieved 
with the use of dedicated pre-processor software.  
3. This input deck can then be submitted to a dedicated equation solver working on 
a powerful computer. The externally applied load vectors and the stiffness matrix 
are calculated for each element in the model. These values are then combined 
together to calculate a single force vector79 and the stiffness matrix [K] for all the 
elements in the analysis.  
4. A matrix solution is performed to evaluate the simultaneous equations [K]{ }U = 
{ }F adopting an energy minimisation technique. 
5. Having calculated the nodal displacement, in every degree of freedom, the strains 
and the stress are evaluated and tabulated. The tabulated results can be examined 
and interpreted. This is most readily achieved using a graphical post-processing 
package. 
6. The basic assumptions for the model are interrogated. Is the model correct? Are 
there enough elements? Has the analysis made input mistakes? 
 
The terminology used in the above six steps has to be modified if we want to extend 
the concept to other fields. For example, we have to use the term continuum or 
domain in place of structure, field variable in place of displacement, characteristic 
matrix in place of stiffness matrix, and element resultants in place of element strains.  
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2.6.2 Finite element analysis of a rubber model 
 
During the last three decades, rubber and rubber-like materials have been simulated 
by numerical methods, especially by finite element methods. The finite-element 
analysis for rubber is not easy. At high deformations the stress-strain relationship for 
these materials is nonlinear and is affected by dynamic and thermal effects. Rubber 
and rubber-like materials are usually modelled as incompressible hyperelastic 
materials, and occasionally as elastoplastic materials under plastic dominant 
deformations and the assumption of isochoric plastic flow. 
 
In this thesis the entire modelling is completed using ABAQUS 6.7 software 
package. The materials behaviour for a rubber in Abaqus is known as a hyperelastic 
material which defines the energy stored in a material per unit volume (volume in 
initial configuration) as a function of strain at that point in the material. There are 
many SEF types that can be used to calculate the behaviour of the elastomer, for 
example the Neo-Hookean SEF defined in Equation 2.57 or the Mooney SEF defined 
in Equation 2.56.  
 
However, once the strain energy function is determined, the behaviour of the 
hyperelastic model in ABAQUS is established, the efficiency of this behaviour must 
be assessed, by comparing the prediction of the material behaviour with data from 
experiments, then judging if the strain energy function is appropriate for both the 
material and the application. 
 
2.6.3 ABAQUS analysis 
 
ABAQUS is a powerful finite element software package. It is used in many different 
engineering fields. ABAQUS performs static and dynamic analysis and simulation on 
structures. It can deal with bodies with various loads, temperatures, contacts, impacts, 
and other environmental conditions. ABAQUS consists of two main analysis 
products: ABAQUS/Explicit and ABAQUS/Standard, and other modules such as 
ABAQUS/CAE, ABAQUS/Viewer. ABAQUS/Standard is the basic analytical 
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solver. ABAQUS/Explicit is mainly used for explicit dynamics. ABAQUS/CAE is an 
interactive pre-processor that can be used to create finite element structures and 
associated with an input file for ABAQUS. ABAQUS/Viewer is a menu-driven 
interactive post-processor for viewing the results obtain from ABAQUS/Standard and 
ABAQUS/Explicit. 
 
Comparison of implicit and explicit procedures 
ABAQUS/Standard and ABAQUS/Explicit are capable of solving a wide variety of 
problems. The characteristics of implicit and explicit procedures determine which 
method is appropriate for a given problem. It is clear that ABAQUS/Standard is more 
efficient for solving steady state nonlinear problems, on the other hand, 
ABAQUS/Explicit is the clear choice for a rapid dynamics analysis. The 
distinguishing characteristics of the explicit and implicit methods are: 
• Explicit methods require a small time increment size that depends solely on 
the highest natural frequency of the model and is independent of the type and 
duration of loading. Simulations generally take on the order of 10,000 to 
1,000,000 increments, but the computational cost per increment is relatively 
small. 
• Implicit methods do not place an inherent limitation on the time increment 
size; increment size is generally determined from accuracy and convergence 
considerations. Implicit simulations typically take orders of magnitude fewer 
increments than explicit simulations. However, since a global set of equations 
must be solved in each increment, the cost per increment of an implicit 
method is far greater than that of an explicit method. 
Both packages require the model to be input in a standard format that for historic 
reasons is known as an input deck. 
 
A typical input deck is broken into 8 sections: 
• Header  
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Personal statements to define the problem, the title section and the format of output 
file 
• Geometry definition  
Define the position, in co-ordinate space of nodes and the spatial arrangement of the 
materials about the node using element. 
• Element properties definition 
 Describe the type of model as either 1D, 2D or 3D 
• Materials properties definition 
Describe the type of materials. For an elastomer the commonly used keyword is 
*HYPERELASTIC 
• Boundary and initial condition 
Define boundary conditions in terms of global displacement and the relationship 
where nodes can be fixed together. 
• Loading condition 
Define what kind of load is applied to the model and design which direction of load 
is applied. 
• Analysis types 
Define the type of analysis used in the model such as static, steady state dynamic, or 
explicit dynamics. 
• Output request 
Define what kind of output is required. 
 
Figure 2-24 is a summary of the general information that the ABAQUS software 
requires to solve most problems.  
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Figure 2-24 General information required by finite element software80. 
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2.7 Summary and the aims of this study 
 
This chapter has shown that several previous researchers5,17,20,22 have examined the 
dynamic behaviour in rubber materials when a small oscillation is superimposed onto 
a larger static pre-strain. There is a clear need for clarification as to which 
mechanisms are really determining the dynamic mechanical behaviour of rubber. The 
principal aims of this work are to:  
 
1. Study the dynamic behaviour measured during a static pre-strain 
superimposed with small oscillations. The behaviour is to be explained in 
terms of deformed geometry after pre-strain. 
2. Compare the dynamic behaviour of rubber under a pre-strain superimposed 
with different modes of small strain oscillations. 
3. Investigate the effect of fillers (carbon black and fumed silica) on the 
dynamic behaviour under a pre-strain superimposed with different modes of 
small strain oscillations.  
4. Understand the viscoelastic behaviour in terms of the structural mechanisms 
within unfilled and filled rubber. 
 
Non standard techniques adopted by earlier researchers, were modified to: 
 
• A static tensile pre-strain superimposed with a small additional free tension 
oscillation. 
• A static tensile pre-strain superimposed with a small free or forced torsional 
oscillation. 
 
A novel technique was developed to accommodate: 
 
• A static pre-strain in pure shear superimposed with a small simple shear 
oscillation. 
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This latter technique necessitated a different specimen geometry to investigate the 
viscoelastic response in terms of the the loss modulus relative to the test piece 
geometry after the application of the pre-strain.  
 
Finite Element Analysis (FEA) was also used for the aim of: 
 
1. Predicting the elastic behaviour of rubber under pre-strain superimposed with 
torsion and comparing it with the well established theory of Rivlin and 
Saunders8. 
2. Studying the effect of the 2I/W ∂∂  term in the Strain Energy Function (SEF) 
to predict the torsional stiffness and the second order effect, and comparing it 
with experimental data. 
3. Predicting the viscoelastic behaviour under various complex load regimes, 
using the Bergstrom and Boyce model. The results are compared with 
experimental data.  
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CHAPTER 3: Materials, Experimental 
techniques and FEA modelling 
 
Introduction 
 
The principle aim of this work is to investigate the viscoelastic properties of 
elastomers as a function of pre-strain. The viscoelastic properties are expressed in the 
terms of storage modulus, loss modulus and tanδ or loss factor. The rubber materials 
used in this work are both unfilled and filled rubber. The different commercial filler 
types used in this work were carbon black, N330 and fumed silica. The additives 
incorporated into the elastomer mix during the material compounding process are 
discussed first, followed by a discussion of the vulcanisation process for the different 
shapes of specimen required for specific tests. 
 
The viscoelastic behaviour is investigated in a small (5%), moderate (5%-100%) and 
up to very large (>100%) pre-strains. Three different experimental techniques were 
developed to examine: a pre-strain superimposed with an additional tension 
oscillation; pre-strains superimposed with a small torsional oscillation and pre-strains 
in pure shear superimposed with a small simple shear oscillation. The dynamic 
mechanical properties of rubber are studied in both a free vibration and a forced 
vibration mode. The apparatus and experimental techniques are explained later in this 
chapter. 
 
Finite Element Analysis (FEA) has been accepted as a possible technique to simulate 
and predict the behaviour of elastomer materials. However, the ability to predict the 
static and viscoelastic behaviour are still unclear. The combined torsion and tension 
of a rubber cylinder is a demanding validation of the technique. The FEA models are 
compared with experimental data. All the FEA methods and output file are described 
in this chapter. 
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3.1 Materials used in this work 
 
The SBR (styrene butadiene rubber) and NR (natural rubber) materials were supplied 
by TARRC (Tun Abdul Razak Research Centre). Two different types of filler were 
mixed into some of the rubber. Typically, HAF carbon black is added to increase the 
stiffness, the strength and the damping of the compound. The particular HAF black 
used for this work was N330. The mean particle diameter of N330 carbon black36 is 
30 nm and various different techniques reveal that its surface area is about 80 m2/g.  
This means that the material has a reasonably large structure measured in terms of its 
surface area to volume ratio and it is considered to be a reinforcing carbon black.  
 
Fumed silica was supplied by ABCR Germany. The particle size81 of fumed silica is 
20 nm and the surface area is 200 m2/g.  Silica is considered as green filler as it 
reduces the rolling resistance in tyres whilst maintaining the other properties. This 
makes silica increasingly important in tyre tread compounds.  
 
A range of different amounts of both carbon black and fumed silica, varying from 0, 
25 and 50 phr, of carbon black and silica were incorporated into the elastomer. This 
allowed a range of different stiffness materials to be evaluated. The mass and volume 
fractions of the various fillers are given for each compound used in this thesis in 
Tables 3-1, 3-2 and 3-3. All the compounds present in this thesis used a semi-EV 
sulphur curing system. It provides a good balance between case of processing and 
good strength properties and it is used in many engineering applications. Typically a 
semi-EV compound has cross-links that are mainly 1-2 sulphur atoms in length.  
 
In a semi-EV curing system the rate and efficiency of sulphur crosslinking is 
increased using an accelerator such as diphenyl guanidine (DPG) and N-Cyclohexy-
2-benzothiazole sulfenamide (CBS) used in this study. In addition zinc oxide and 
stearic acid are also added. These combine to create soluble zinc ions that activate the 
intermediate reaction involved in crosslink formation. 
 
Ozone degradation of the rubber compounds results in a characteristic cracking 
perpendicular to the direction of applied stresses9. This degradation is caused by 
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reactions of ozone with the double bonds in the rubber molecules9. These reactions 
lead to chain scission and the formation of various decomposition products. Several 
theories have been discussed in the literature regarding the mechanism of anti-
ozonant protection. In order to control the effects of rubber ozonation, N-(1, 3-
dimethyl butyl)-N-phenyl-p-phenylenediamine (HPPD) is added to all our 
components as an inhibitor.  
 
In order to cure an unvulcanised rubber master batch, the optimum cure time was 
measured using a moving die rheometer (MDR). The rheometer model used in this 
work is MDR2000E. An oscillating rotor is surrounded by a test compound, which is 
enclosed in a heated chamber. The torque required to oscillate the rotor is plotted as a 
function of time. Examples of torque-time responses are shown in Figure 3-1. If the 
torque reaches a plateau, this indicates that curing is complete and the formation is 
stable. Beyond this time, creeping can occur leading to a very small increase in 
torque with time. Conversely, if the crosslink breakage become dominant during 
prolong heating, the torque will decrease form the plateau level. This behaviour is 
called reversion9. 
 
 
 
Figure 3-1 Three types of response from typical rubber, using an oscillating disk 
rheometer9. 
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Ingredients(phr)   SBR0(1) SBR0(2) SBR0(3) SBR25(4) SBR50(5) 
SBR JSR#1500 100 100 100 100 100 
carbon black  0 0 0 25 50 
Stearic Acid  2 2 2 2 2 
Zinc Oxide  5 5 3 3 3 
Antioxidant HPPD* 3 3 1 1 1 
Accelerator DPG* 1.3 1.3 1 1 1 
Accelerator MBTS* 1 1 0 0 0 
Sulphur   0.5 1.5 1.5 1.5 1.5 
 
      
Moulding 
conditions       
Curing time  15 min 15 min 70 min 70 min 70 min 
Temperature   160 ºC 160 ºC 160 ºC 160 ºC 160 ºC 
 
Table 3-1 The SBR rubber formulation used in this work. 
 
Ingredients(phr)   SBR25(6) SBR50(7) SBR50(8) SBR50(9) 
SBR JSR#1500 100 100 100 100 
silica  25 50 50 50 
Coupling agent Si-69 1 2 5 10 
Stearic Acid  2 2 2 2 
Zinc Oxide  3 3 3 3 
Antioxidant HPPD* 1 1 1 1 
Accelerator DPG* 1 1 1 1 
Sulphur   1.5 1.5 1.5 1.5 
 
     
Moulding 
conditions      
Curing time  70 min 70 min 70 min 70 min 
Temperature   160 ºC 160 ºC 160 ºC 160 ºC 
 
Table 3-2 The silica filled rubber formulation used in this work. 
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Ingredients(phr)   NR0(10) NR0(11) NR25(12) NR50(13) 
NR SMR CV-60 100 100 100 100 
carbon black  0 0 25 50 
Stearic Acid  2 2 2 2 
Zinc Oxide  5 5 5 5 
Antioxidant HPPD* 1 1 1 1 
Accelerator CBS* 1.5 1.5 1.5 1.5 
Sulphur   0.5 1.5 0.5 0.5 
 
   
  
Moulding 
conditions    
  
Curing time  15 min 15 min 15 min 15 min 
Temperature   160 ºC 160 ºC 160 ºC 160 ºC 
 
Table 3-3 The NR rubber formulation used in this work. 
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Table 3-4 shows the summary of the rubber materials used in each chapter. 
 
Experiment Chapter 4 Chapter 5 Chapter 6 Chapter 7 
Pre-strain superimposed with a SBR0(1)       
force torsional oscillation SBR0(2)       
 NR0(10)       
Pre-strain superimposed with a free  SBR0(2) SBR0(3)     
 torsional oscillation NR0(10) SBR25(4)     
  NR0(11) SBR50(5)     
    SBR25(6)     
    SBR50(7)     
    SBR50(8)     
    SBR50(9)     
    NR0(10)     
    NR25(12)     
    NR50(13)     
Pre-strain superimposed with a free SBR0(2) SBR0(3)     
tension oscillation NR0(10) SBR25(4)     
  NR0(11) SBR50(5)     
    NR0(10)     
    NR25(12)     
    NR50(13)     
Pure shear superimposed with a     SBR0(3)   
force simple shear oscillation     SBR25(4)   
      SBR50(5)   
Tension-torsion in rubber mount       SBR0(2) 
 
Table 3-4 Rubber formulations classified by different experimental techniques in 
each chapter. 
 
3.2 Rubber compounding and moulding 
3.2.1 NR and SBR 
Rubber compounding  
The formulation of all materials used in this thesis is given in Tables 3-1, 3-2 and 3-
3. For this thesis, the three different types of sample were prepared: cylindrical 
rubber mountings, rubber sheets and bonded cylindrical rods. The compounding 
adapted for both the carbon black and silica fillers was different. Both filler require a 
2 stage compound process, to ensure a good filler dispersion, for carbon black fillers, 
the first stage mixes the raw rubber filled with the carbon black. An internal mixture 
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was used for this stage. The dump temperature for the mixed compound after this 1st 
stage mixing was about 120°C. In the second stage the curing ingredients were also 
added and the temperature was lower at 100°C. This stage was mixed in two-rolled 
mill machinery. The first stage ensures that a thorough distribution of the carbon 
black is achieved throughout the polymer, as the elevated mixing temperature lowers 
the polymer viscosity. The curing ingredients are mixed in a second stage at a lower 
temperature to ensure that no initiation of the curing process occurs prior to 
moulding.  
 
For silica filled compounds, the process requires silane coupling agents to be used. 
This is because silica is naturally hydrophilic and tends to agglomerate within the 
incompatible hydrophobic rubber matrix82-85.  The silane coupling agent used in this 
work is Si-69, bis (triethoxysilylpropyl) polysulfide. For the 1st stage, it is important 
to mix Si-69 at a high temperature around 120° to both reduce the viscosity of the 
rubber and to ensure a complete reaction between Si-69 with the silica. To 
investigate the effect of silane coupling on the damping behaviour, different amounts 
of silane coupling are used. The second stage mixing introduces the curing 
ingredients using a similar method to the carbon black filled compounds. 
 
Moulding method 
 
- Rubber rectangular sheet 
1. Open up the compression mould, which has been preheated to the target 
temperature of 160  C. 
2. Insert approximately 120g of the heated rubber compound between the mould 
plates.  Close the mould and apply the moulding pressure. 
3. Apply and release the moulding pressure three times during the first 10 
seconds to ensure that no air is trapped inside the mould. 
4. Measure the temperature and pressure throughout the moulding cycle, to 
ensure that both are maintained. 
5. Open mould and remove the rubber sheet after the required vulcanisation 
time. 
 
CHAPTER 3                Materials, Experimental techniques and FEA modelling 
 93 
It is essential that the elastomers are not significantly strained during their removal 
from the mould. The size of the flat sheet is 199 × 300 × 2 mm as shown in Figure 
3-3. 
 
 
 
Figure 3-2 Rubber sheet mould. 
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Figure 3-3 Rubber sheet specimen. 
 
- Rubber cylindrical rod 
The moulding details for the rubber cylindrical rods are similar to the rubber sheet 
except the weight of rubber used for this moulding method is about 15 g. After the 
rubber rod is removed, it is left at least 24 hours86.The next step is to bond the 
cylinder to the steel end plates. The rubber surface and the steel surface were 
prepared carefully before bonding. The steel plates were attached carefully at both 
ends of the rod using an adhesive, Loctite 480, and the rubber specimens were left at 
least 24 hours to ensure that the surfaces were bonded fully prior to testing. The 
moulded dimensions for the rubber cylindrical rod are 12.2 mm in diameter and 75 
mm in length as shown in Figure 3-5. 
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Figure 3-4 Rubber cylindrical mould. 
 
 
 
Figure 3-5 Rubber cylindrical specimen (after being bonded to the steel end plates). 
 
- Rubber cylindrical mounting 
The size of rubber specimen was 52 mm in diameter and 28 mm in height. The detail 
is shown in Figure 3-7. The moulding methods were similar to the specimens above. 
The main difference being that the rubber specimens were bonded to steel plates 
during the curing process. To do this a properly prepared substrate surface on the 
steel plate was required. To achieve a consistent rubber to metal bond, all oil, grease 
and other soluble contaminations was removed by solvent degreasing or alkaline 
cleaning. Rust, scale and other non soluble contaminants were removed by grit 
blasting. A second degreasing stage after the mechanical treatment was done to 
75 mm 
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remove any residual grease, oil and abraded material from the grit blasting. After the 
surface treatment, an adhesive, Chemosil NL 411, was applied to the steel plate and 
the specimens were left for 24 hours before being inserted to the mould.  
 
The method for the moulding is given as: 
1. Open the compression mould, which was preheated to the target temperature 
of 160  C. 
2. Insert the heated rubber ( ≈ 80  C) compound approximately 60 g and the steel 
plates (coated with bonding agent on one side) into the mould. 
3. Close the mould and apply the moulding pressure. 
4. Apply and release the moulding pressure three times during the first 10 
seconds to ensure that no air is trapped inside the mould. 
5. Measure the mould temperature and platen pressure throughout the moulding 
cycle, to ensure that both are maintained. 
6. Open the mould and remove the rubber specimens after the prescribed 
vulcanisation time. 
 
 
 
Figure 3-6 Rubber cylindrical mount mould. 
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Figure 3-7 Bonded rubber cylindrical mounting specimen. 
 
3.2.2 Silicone rubber 
 
The compounding and moulding of silicone rubber used was significantly different to 
the other rubbers discussed so far. Silicone rubber can be compounded by several 
methods depending upon type of polymer and the curing agent. For this work, a two 
part mixing process was conducted at room temperature. The silicone rubber used in 
this work was a vinyl terminated polydimethylsiloxanes. The crosslink is created 
using a platinum catalysed hydrosilylation reaction which proceeds according to the 
following equation81, 
 
 
 
The silicone rubber formulation used in this work is shown Table 3-5: 
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Part A content   Part B content 
DMS-V31 20.7 g  DMS-V31 21 g 
Fumed silica 0, 4.15, 12.45 g  HMS-301(cross-linker) 3 g 
Catalyst 0.000166 g       
 
Table 3-5 Two parts silicone rubber formulation81. 
 
The compounding required two parts to be prepared separately, namely part A and B. 
For part A, fumed silica was mixed with DMS-V31 using a spatula. After a uniform 
dispersion was produced, the catalyst was measured and dropped by pipette. Part A 
was stirred thoroughly for about 2 minutes. The composition of part B which is also 
shown in Table 3-5 was mixed. The largest problem post mixing the silicone rubber 
was the bubbles which introduce flaws and reduce the physical properties of silicone 
rubber such as strength and modulus. To reduce this problem, the silicone 
compounds were put in a vacuum machine at 600 mbar, 25 C  for 25 minutes. After 
all the bubbles have been driven off, part A and part B were mixed together carefully 
to minimise bubble formation and the mixed compound was poured in to the mould. 
This silicone rubber cured within 10 minutes. The mould used for silicone rubber 
was similar to the mould used to make the rubber sheet shown in Figure 3-2. After 
removal from the mould, it was left for 24 hours before cutting. 
 
3.3 Mechanical testing techniques 
 
There are three basic tests described in this chapter. The output of the testing was 
recorded on a graph of force versus displacement, engineering stress versus stretch 
ratio or stress versus time for the stress relaxation tests. The basic terms are described 
below: 
 
Engineering stress, σ  
 
A
F
=σ ,        Equation 3.1 
 
where F is the force, A is the initial cross-section area. 
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Engineering strain, e 
 
0
0
l
ll
e
−
= ,        Equation 3.2 
 
where l is final specimen length under load and 0l  is the original specimen length. 
 
Extension ratio, λ  
 
0l
l
=λ .        Equation 3.3 
 
3.3.1 Static test 
 
Uniaxial tensile test 
A tensile test, also known as a uniaxial tension test, is the most common mechanical 
test performed on any polymer material. In this work, typically, the testing was 
performed at 23 ±3°C. Each tensile test was performed using an Instron 5566 test 
machine with a 1 kN load cell, at a strain rate of 0.143 1/s for the various test pieces. 
The strain was monitored using an Instron non-contacting video extensometer. The 
test-pieces were typically stamped from flat elastomer sheets using an ASTM D412, 
type C dumbbell die. The reason for using a dumbbell shape specimen was to avoid 
premature failure being induced at the grips. The use of the non-contacting video 
extensometer helps avoid any complications arising from any slippage of the test 
piece at the grips.  
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Figure 3-8 Tensile test set up. 
 
The specimens were marked using two bench marks at zero tension. The marks were 
placed in the middle section with the reduced cross section as shown in Figure 3-8, 
equidistant from its centre and perpendicular to the longitudinal axis. Three 
measurements were made of the thickness of reduced section using a dial thickness 
gauge, one at the centre and one at each end of the reduced width section. The 
average of the three measurements was used as the thickness when calculating the 
cross sectional area. The width of the specimens was taken as the distance between 
the cut edges of the die in the restricted width section. The dumbbell specimen was 
carefully placed in the grips of the test machine to ensure the specimen was 
perpendicular to the grips and that the stress is distributed uniformly over the cross 
section. 
 
Before loading the specimen, the video extensometer was calibrated. The video 
extensometer required good illumination to ensure that the marks were clear 
throughout the test. Once the camera was set up and calibrated, its position remained 
Camera 
Rubber 
specimen 
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constant for all of the tests. If anything changed in the camera setup or the test 
environment, then the calibration of the video extensometer was repeated.  
 
Loading-unloading uniaxial test 
The hysteresis measured during loading-unloading test was also use to investigate the 
viscoelastic behaviour of rubber by calculating area under the stress versus strain 
curve. The hysteresis refers to the energy dissipated per unit volume. The methods of 
testing are similar with the uniaxial tensile test but after the maximum load was 
attained the subject was unloaded. The rate of testing was 1 mm/sec. The results were 
recorded on the stress versus strain graph. The area under the curve was calculated 
using the Origin pro version 7.5 software. The viscoelastic behaviour was presented 
in term of hysteresis ratio, defined as: 
 
Hysteresis ratio = hysteresis area / input energy,   Equation 3.4  
 
where input energy is the area under the first loading curve. 
   
3.3.2 Dynamic testing 
 
There are several dynamic tests used in this work to measure the viscoelastic 
properties of different rubber samples. 
 
A static tensile pre-strain superimposed with a forced torsional 
oscillation test 
There are two specimen shapes used in this work. 
 
- Rubber cylindrical rod 
This experiment was used to observe the behaviour of rubber under a pre-strain 
superimposed with a small torsional oscillation using a biaxial torsion-tension 
machine, model MTS 858 with a special torque load cell, model TQM202-0.175 
supplied by Omegadyne.  A cylindrical rod is selected because of the symmetry in 
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shape and it can be extended to very high pre-strain without breaking which allows 
us can investigate the behaviour at a large pre-strain. 
 
The experiment was carried out using a vulcanized rubber cylinder of length 75 mm 
and diameter 12.2 mm. The rubber specimens were fitted with the grips at both sides. 
All of the rubber specimens were subjected to 5 load-unloading cycles in the axial 
direction at the maximum strain amplitude for 5 cycles to reduce the Mullin’s effect. 
The rubber cylindrical rods were stretched at  20%, 40%, 60%, 80%, 100% strain and 
held at a given extension for 10 minutes to get rid of the effect of stress relaxation 
and then twisted at an angle of 50±  degree at a rate of 0.001 Hz. The output of the 
testing was recorded as a torque versus angle graph as shown in Figure 3-11. This 
experiment was appropriate for high damping materials and could be used for low 
frequencies. For low damping materials and higher frequencies, free vibration testing 
was a better choice as is explained in the next section.  
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Figure 3-9 The schematic for the tensile pre-strain with a forced torsional oscillation 
test. 
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Figure 3-10 The rubber cylindrical rod being subjected in tension. 
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Figure 3-11 Torque against twist angle for SBR0 with 1.5 phr of sulphur at zero pre-
strain. 
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- Rubber cylindrical mounting 
The experiment using rubber cylindrical mountings investigates the behaviour of the 
moment and the second order reduction of a tensile pre-strain when superimposed 
with an additional twist. The results were compared with the results calculated using 
a finite element analysis (FEA). The experimental set up used a biaxial MTS 
machine model 858. The experiment was controlled using the MTS controller. 
Before testing the rubber was preconditioned by applying 5 cycles of a 18.75% axial 
pre-strain. Then in the maximum stretched state the rubber was subjected to five 
torsional displacement cycles up to the maximum twist angle of 0.2 radians. The 
rubber used in this test was SBR0(2) as shown in Table 3.1. After conditioning, the 
specimens were stretched to 0%, 9.4%, and 18.75% axial strain. They were then held 
at this pre-extension for 10 minutes to reduce the effects of stress relaxation which 
would dominate the axial force reduction measurements. The samples were then 
twisted at a rate 0.0035 radians/sec until the peak twist angle 20.± radians was 
attained. Photographs of the test piece are shown in Figure 3-12. 
 
 
Figure 3-12 The specimen were subjected pre-tension (in left) and then subjected 
torsion (in right). 
 
A static tensile pre-strain superimposed with a small free torsional 
oscillation (tension-torsion) 
The viscoelastic behaviour of the elastomer was also measured using a static tensile 
pre-tension superimposed with small free torsion oscillations which have been used 
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previous by several researchers87,88. The schematic for the test is shown in Figure 
3-13. A cylindrical rubber specimen with a diameter of 12.2 mm and 75 mm in 
length was clamped at the top to a rectangular inertia bar, which was 25322.77 ××  
mm. An inextensible string (polyfilament) was fixed above the inertia bar to support 
the load from the bar and to pre-strain the rubber sample and allow the bar to move 
independently as shown in Figure 3-13. The pre-strain was applied using a servo-
hydraulic test machine and then held at a given extension and then oscillated in 
torsion by pushing the inertia bar. The oscillating amplitude was measured using a 
non-contact capacitance transducer. The signal was generated and recorded on a PC 
oscilloscope.  
 
  
 
Figure 3-13 A schematic for the tensile pre-strain superimposed with a free torsional 
oscillation test. 
 
The behaviour of linear visco-elastic materials can be represented by a complex shear 
modulus ∗G   
 
"iG'GG +=∗ .        Equation 3.5 
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Here 'G  is the storage shear modulus (elastic component) and ''G  is the loss shear 
modulus (viscous component). In our case the definitions of 'G  and ''G  are 
expressed in terms of the deformed geometry. The equations and derivation are 
presented in the next chapter. 
 
- Non-contact displacement sensor 
For both modes of oscillation and in order to prevent the displacement measuring 
device coming into physical contact with the beam, introducing additional damping, 
a non-contact displacement sensor was used to measure the amplitude of the inertia 
bar or the beam. The capacitance transducer probe measured the distance between 
itself and a steel plate attached to either the beam or the inertia bar. The model of the 
non-contact displacement sensor used in this experiment was LD701 5/10 supplied 
by Omega engineering. The linear range was between 0-5 mm. Figure 3-14 shows 
the linearity of the gap distance against the voltage output. This experiment confirms 
that this device over the entire measuring range for this investigation is linear. The 
voltage output from the sensor was measured by a PC oscilloscope and recorded on a 
PC. 
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Figure 3-14 The linearity of the signal from the non contacting capacitance 
transducer. 
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A static tensile pre-strain superimposed with a small additional free 
tension oscillation (tension-tension) 
The dynamic behaviour of the pre-strain superimposed with a small tension 
oscillation was measured using a modified beam approach. Previous researchers19-22 
have used a modified oscillating beam to study the effects of the incorporation of low 
molar mass liquids on the dynamic properties of unfilled elastomers and carbon black 
filled elastomer under an applied strain. The schematic for the apparatus is given in 
Figures 3-15 and 3-16. The weights of a known moment of inertia was supported by 
a knife-edge and clamped at the centre of a rubber specimen. The specimen was 
extended to a specified pre-strain. The beam was set in motion by tapping gently. As 
the beam oscillates, the period of oscillation and the decay in the oscillation 
amplitude were measured using a non-contact capacitance transducer and recorded 
on PC oscilloscope. The oscillation amplitude was between 0-2.5 mm depending on 
the modulus of the test piece, the maximum oscillation being limited by the linear 
range of the displacement sensor. 
 
 
 
Figure 3-15 A schematic for the tensile pre-strain superimposed with a small 
additional free tension oscillation test. 
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Figure 3-16 The oscillating beam viewed along axis of specimen. 
 
 
 
The design of the knife-edge was important, as it could have contributed to the 
damping behaviour of the system. A knife blade of size of 5x50x62 mm3 was used. 
The knife-edge subtended an angle of 60°. This angle was observed to inhibit any 
vibration of the knife-edge19.  
 
Figure 3-17 The dimension of the knife edge used to mount the oscillation beam. 
 
- Analysing the response from the oscillating beam 
The equation of the motion for the oscillating system with an elastomer test piece in a 
strained state is given by Akutakawa19 as: 
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where I is the moment of inertia of the beam, θ is the angular displacement of the 
beam, λ is the pre-strained extension ratio for the test piece, cr  is the distance 
between the centre of the beam and the rubber specimen which was 86 mm, A0 is the 
unstrained cross-section area, l0 is the unstrained half length of the specimen and E′ 
is the dynamic storage modulus. The dimensions of specimens were approximately 
2580 ××  mm. 
 
The solution of the Equation 3.6 is of the form given by 
 
tiqtee ωθθ −= 0 ,       Equation 3.7  
 
where ω is the angular velocity of the beam, q is constant and t is time. Therefore,  
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For an incompressible material such as rubber 'G'E 3=  therefore,  
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"G  can be determined using Equation 3.9 given by 
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where ∆  is logarithm decrement. The detailed derivation is shown in Chapter 4. 
 
The moment of inertia of the beam was measured experimentally. The beam was 
supported by strings at both ends and was oscillated by hand to measure the 
oscillation frequency. The measurement set up was shown in Figure 3-18. 
 
The oscillation is caused by the restoring force F which is given by 
 
l
mgxmgF
22
tan
==
θ
.       Equation 3.11 
 
The total restoring couple is therefore =
l
mgxaFa =2 .  Equation 3.12 
 
If the angular displacement θ of the beam is x/a, and then the stiffness of the system 
K is given by 
 
 
Figure 3-18 The measurement set up for the moment of inertia of the beam. 
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where m is the mass of the beam, a is the half length of the beam and l is the length 
of the strings. We define K in terms of the moment of inertia (I ) which is given by 
 
Il
mga
I
Kf
2
2 ==pi ,       Equation 3.14 
 
therefore, from the frequency, f measured using this independent test the moment of 
inertia for the beam is given as: 
 
22
2
4 fl
mgaI
pi
= .        Equation 3.15 
 
A static pre-strain in pure shear superimposed with a small simple 
shear oscillation (pure shear-simple shear) 
The aim of this experiment was to investigate the viscoelastic behaviour of rubber 
under a different complex loading and then to present the results in terms of the loss 
modulus. Three different compounds of SBR are used in this work. Their 
formulations are shown in Table 3-1. The experimental set up is shown in Figure 
3-19. A rubber specimen with dimensions of 125 mm in length, 30 mm in width and 
2 mm in thickness. The rubber test piece was clamped along both clamps. The rubber 
specimen was bonded to an aluminium plate at the middle which was then oscillated 
in a vertical direction to observe the shear force at different pre-strains. To avoid 
slippage between the rubber and the middle plate the rubber was bonded using 
superglue, model Loctite 408. The rubber specimens were subjected to an initial pure 
shear pre-strain shown in Figure 3-20 and then subjected to an additional small strain 
simple shear. These small oscillation tests were carried out using an Instron 8801 
servo-hydraulic machine with a 1kN capacity load cell for ten cycles. The strain 
amplitude was 0.1 with the test frequency set at 1 Hz. The data for tenth cycle were 
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chosen to determine the viscoelastic properties to minimise complication arising 
from Mullin’s effect52. The hysteresis energy dissipated at different pre-strains was 
calculated using numerical integration in Origin Pro 7.5 software. The loss modulus 
was determined directly from the hysteresis energy expressed in terms of the 
deformed test piece geometry. 
 
 
Figure 3-19 Experimental set up for the pure shear superimposed with a small simple 
shear oscillation. 
 
 
 
Figure 3-20 The specimens were subjected pre-strains before the vertical simple 
shear oscillation was applied. 
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3.4 Finite element model in this thesis 
 
3.4.1 The benchmark problems for FEA from combined 
torsion-tension behaviour of rubber 
 
The material types and the dimensionality of the model are all summarised in Table 
3-6. The combinations of different torsion-tension models with different parameters 
were evaluated. The method of creating these models is described next. 
 
Model No    Dimensionality                   C1          C2           Shear modulus     
   1                            2D                          0.2         0.1                  0.6                                     
   2                            2D                          0.3          0                    0.6                          
   3                            3D                          0.2         0.1                  0.6                          
   4                            3D                          0.3          0                    0.6                          
 
Table 3-6 Details of four different benchmarks used in this thesis. 
 
Model building 
The first step in the Finite Element Analysis procedure was to create geometric 
model of the component. Figure 3-21 shows both a 3D model and a 2D asymmetric 
model used in this work with the same component dimensions; 20 mm in diameter 
and 20 mm in height.  
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Figure 3-21 Finite element analysis models used to model the homogeneous 
deformations of the non bonded cylindrical rubber models, showing the finite 
element mesh (a) is the full three dimensional model and (b) is the two dimensional 
axisymmetric model with asymmetric loading in both the 2D profile as well as 
revolved by 360°. 
 
Material characterisation 
Different values of the Neo-Hookean and Mooney-Rivlin strain energy functions 
(SEF) were applied to these models using *HYPERELASTIC material laws. Also, 
the models were defined fully incompressible. When the material property was 
defined, the next step was assigning section property. 
 
Element type 
For the 3D model, the stress/displacement elements were eight-node, linear, hybrid 
brink element with hydrostatic pressure evaluated separately (C3D8H). For a 2D 
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incompressible material asymmetric model, the stress/displacement elements were 4-
node bilinear, hybrid, quadrilateral elements with hydrostatic pressure interpolated 
separately were with constant pressure (CGAX4H).  
 
Creating the step 
All the models were solved using implicit integration static approach *STATIC in an 
ABAQUS input file. Typically, two steps were used in each model. The first step was 
to define a static tension step and the second was to introduce torsion. Data outputs 
such as the reaction force, the moments, the rotational displacements and the tension 
displacement were output from the models. 
 
Applying the boundary condition 
The bottom nodes of each model were fixed in direction Uy (no change in height) and 
My (no change in torsion direction). Both the 3D and 2D models were subjected to a 
pre-strain of 0%, 50%, 100% and 150%, and each was then twisted up to 0.5 radians. 
 
Model solution 
In the model solution process, the input deck was then submitted to a dedicated 
equation solver working on a computer cluster. The reaction force, moment, 
rotational displacement and tension displacement were calculated for each element in 
the model. A matrix solution was performed to evaluate the simultaneous equations 
adopting an energy minimisation technique. The nodal displacements in every degree 
of freedom were calculated and the force and displacement were then evaluated and 
tabulated.  
 
Output 
When the analysis process is completed, the results are available to be examined and 
interpreted using a graphical post-processing package (ABAQUS viewer) which can 
view graphically data extracted from the tabulated ODB file.  
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3.4.2 The comparison between experiment and FEA using 
three different constitutive models 
 
The purpose of these finite element models was to find the appropriate strain energy 
function and to determine the problems under a complex loading. Three different 
strain energy functions: the Neo-Hookean, the Mooney-Rivlin, and the Gent-Thomas 
models were used in this work. All models were created in Abaqus version 7.1. The 
moment and the axial force reduction in different pre-strain are compared with 
experimental data. 
 
Material building 
The models were created to represent the test geometry using a 2D asymmetric 
cylindrical shape with the dimension of 52 mm in diameter and 32 mm in height as 
shown in Figure 3-22. 
 
 
Figure 3-22 The dimensionality of rubber cylindrical mounting model. 
 
Material characterisation 
The type of rubber used in this work was SBR0 formulation 3 as shown in Table 3-1. 
The material parameters were needed for input into the FEA models. In this work, 
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the materials parameters were evaluated from a tensile test. The dumbbell rubber test 
pieces were subjected to tensile loading at a strain rate 0.143 s-1. The Mooney 
coefficients were determined using a Mooney plot derived using Equation 3.16.  
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In Equation 3.16, σ is the engineering stress (the force divided by the unstrained 
cross-section area). The left hand side of this relationship is known as reduced stress, 
∗σ . For a simple 2 term Mooney-Rivlin strain energy function 1/ IW ∂∂ refers to 1C  
and 2/ IW ∂∂ refers to 2C . The shear modulus can be derived by using the 
relationship given below6 
 
( )212 CCG += .       Equation 3.17 
 
For a Neo-Hookean SEF the material parameters were calculated as6:  
 
12CG = .        Equation 3.18 
 
The Gent-Thomas89 SEF ( 1K  and 2K ) constants can be derived from the Mooney 
constants. The relation of 1K , 2K  to 1C , 2C  are: 
 
211 2470 C.CK += ,       Equation 3.19 
 
22 182 C.K = .        Equation 3.20 
 
To identify the coefficients for the Mooney SEF, the Mooney plot required the data 
for the unfilled compounds to be plotted as reduced stress ∗σ  versus 1/λ as shown in 
Figure 3-23 which should yield a straight line. Up to strains below 300% C1 is given 
as the intercept of the straight line on the Y-axis divided by 2 and C2 is the slope of 
the straight line divide by 2. After calculating the Mooney coefficients, the other 
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values were calculated using Equations 3.18, 3.19 and 3.20. The three sets of 
coefficients for SBR0 are shown in Table 3-7. 
 
Strain Energy Function Fitted Coefficients 
Neo-Hookean  C1=0.49 MPa. 
Mooney-Rivlin C1=0.15 MPa, C2=0.095 MPa. 
Thomas K1=0.17 MPa, K2=0.207 MPa. 
 
Table 3-7 The SEF coefficients fitted using tensile test data measured on SBR0(2). 
 
y = 0.19x + 0.30
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0 0.2 0.4 0.6 0.8 1
1/ λ
σσ σσ
∗∗ ∗∗
 
/ M
Pa
Experimental data
 
Figure 3-23 Reduced stress plots versus λ/1  to determinate the Mooney-Rivlin 
coefficients. SBR0(2) was used in this test. 
 
After calculating the coefficients from the measured test data, the coefficient were 
input into Abaqus CAE using the *HYPERELASTIC strain energy function. 
However, Abaqus does not implement the Gent-Thomas SEF. This models had to be 
created using a user subroutine, UHYPER90. The FORTRAN subroutine for this is 
shown in Appendix 2. 
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Mesh type 
An axisymetric element type was used for all these models (CGAX4H). 
 
Creating the step 
There are two steps in these models. The first pre-strained the mounting in tension 
and the second applied a torsional twist. The outputs needed were similar to the 
previous models which were the tension forces, the moments, the tension 
displacements and the rotational displacements. 
 
Applying the boundary condition 
The boundary conditions are shown in Figure 3-24. The model was fixed in all 
directions at the bottom. The tension displacement was applied at the top of the plate 
by an axial deformation of 0%, 9.4% and 18.75% pre-strain and held at the given 
extension and then rotated to the maximum twist angle of 0.2 radians. 
 
Model solution 
Once the model simulation process was completed, the tabulated results were 
available for examination using a graphical post-processing package which allowed 
the results to be viewed using a variety of methods, including deformed shape plots, 
contour plots and X–Y data plots. Data extracted from the model solution was 
expressed in terms of the parameters requested as output history in the input file. A 
typical input file is shown in Appendix 1. 
 
Outputs 
The results for both the twist moment and the axial force reduction from all the 
different SEFs are compared and discussed in chapter 7. 
 
CHAPTER 3                Materials, Experimental techniques and FEA modelling 
 121 
 
Figure 3-24 The boundary conditions of rubber mounting model. 
 
3.4.3 Prediction the viscoelastic behaviour of elastomer 
under complex loading using Bergstrom and Boyce model  
 
The Bergstrom and Boyce model has been successfully used to predict the hysteresis 
under the loading and unloading curve for an elastomer at different strain rates2-4. 
Moreover, the Bergstrom and Boyce model is available in Abaqus program using the 
*HYSTERESIS option. Here, the viscoelastic behaviour of an elastomer under a 
complex loading is investigated. There are three different complex loadings used 
throughout this work: a pretension-torsion oscillation, a pretension-tension oscillation 
and a pretension-simple shear oscillation. The details of creating suitable models for 
each test are explained next. 
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Material building 
The pretension-torsion oscillation and pretension-tension oscillation models were 
created using 2D asymmetric model. For pretension-simple shear oscillation a 3D 
model was required. All the models had the same dimensions of 12.2 mm in diameter 
and 75 mm in length. 
 
Material characterization 
The elastomer strain energy function (Neo Hookean) and the Bergstrom and Boyce 
material parameters as defined in Chapter 2 section 2.4.8 were determined by 
Suphadon91 and are given the following values: Aµ =0.64 MPa, 15.0B =µ  
MPa, 24.0=S , 1151 =C , 238.02 −=C , and 4=m . 
 
Mesh type 
For the 2D models CGAX4RH elements were used and C3D8H elements were used 
for all the 3D models. 
 
Creating the step 
There were two steps for each model. First was the pre-strain step and second was 
the oscillation step. All the models had the pre-strain applied first. They were then 
held for 100 seconds to minimise the effect of the stress relaxation. The second step 
applied the small oscillation. Prior to analysis the outputs were specified. The outputs 
requested are shown in Table 3-8 for each analysis. 
 
Type  Output data 
Pretension-torsion vertical displacement, vertical load, moment, rotational angle 
Pretension-tension vertical displacement, vertical load 
Pretension-shear vertical displacement, vertical load, horizontal displacement, 
shear load 
 
Table 3-8 Request output data for each model. 
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Applying the boundary condition 
All models were fixed at the bottom surface then applied pre-tension at the strain of 
0%, 13.3%, 26.7%, 40% and 53.3%. After the pre-tension was applied the models 
were held at a given extension for 100 seconds and were then subjected to the 
different oscillations. Because the Bergstrom and Boyce model is a time dependent 
model, it is necessary to set an appropriate time interval to obtain reasonable results. 
The oscillation times for each test are shown in Tables 3-9, 3-10 and 3-11. 
 
Time (s) Amplitude (radian) 
0 0 
250 1 
500 0 
 
Table 3-9 Torsional oscillation amplitude used in pretension-torsion model. 
 
Time (s) Amplitude (mm) 
0 0 
10 1 
100 1 
350 2 
600 1 
 
Table 3-10 Tension oscillation amplitude used in pretension-tension model. 
 
Time (s) Amplitude (mm) 
0 0 
250 5 
500 0 
 
Table 3-11 Shear oscillation amplitude used in pretension-shear model. 
 
Model solution 
The data processing for each test is different depending on the number of nodes and 
the types of element. Here, the pretension-shear oscillation took the longest time 
because the numbers of element were much more than in the 2D model. Typical 
input files are shown in Appendices 3, 4 and 5. 
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Outputs 
The output hysteresis area under loading-unloading curve from each model was 
determined using Origin pro 7.5 software. The loss tangent, loss modulus and the 
storage modulus were calculated and compared. All the results are presented in 
Chapter 7. 
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CHAPTER 4:  Viscoelastic behaviour of rubber 
under a complex loading: unfilled rubber 
 
Summary 
 
The viscoelastic behaviour of rubber is of key importance in the design of rubber 
engineering components, particularly, in the area of vibration damping, such as with 
rubber bushings used in vehicle suspensions or bearings used to protect buildings 
during earthquakes. To design each application, it is essential to fully understand the 
behaviour of the rubber. Particularly, with rubber applications which are subjected to 
loading in more than one direction. The way of describing the behaviour is still 
ambiguous. A rubber bearing is subject to both a shear and a compression loading. 
The purpose of this work is to study the effect of a pre-strain on the viscoelastic 
behaviour of rubber when superimposed with a torsional or a tension oscillation. 
 
A torsion oscillation superimposed on a simple extension has been studied 
previously5,14,92,93. The observed hysteresis and viscoelastic response has been 
explained in terms of the entanglements found in the polymer’s molecular structure 
and the slipping of molecular chains over each other. However, this work, sets out to 
establish that for small oscillations viscoelastic behaviour of the polymer can be 
ascribed to a single viscosity term "G  irrespective of any static pre-strains, where 
"G  is calculated with respect to the deformed dimensions. That means all the 
differences seen in the viscoelastic behaviour results from geometric changes alone. 
The free torsion oscillation superimposed on a static pre-strain technique was adapted 
from the free torsion technique of Mooney and Gerke87. The free tension oscillation 
superimposed on a static tensile pre-strain was adapted from the technique developed 
by Davies et al20 and Busfield et al22. Measurements of the logarithmic decrement of 
the oscillating strain amplitude and the oscillating frequency allow one to calculate 
the dynamic properties using the equations derived here. The bulk of the work 
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described here has recently been published in Journal of applied polymer science by 
Suphadon et al94 (Appendix 7) 
4.1 Theory 
 
The assumption proposed here is that under conditions of a small oscillation 
superimposed on a large static deformation, as has been previously described by 
several authors13,14,18,95, the fundamental dissipative process is itself little affected by 
the moderate static strains that are insufficient to cause substantial orientation of the 
monomer units in a chain. This seems appropriate, as up to 100% strain the statistical 
theory of rubber like elasticity suggests that the amount of orientation should not be 
substantial for a moderately crosslinked rubber6. On this basis, if we consider the 
energy dissipation which is calculated from a static pre-strained cylinder 
superimposed with a forced torsional oscillation at a specific test frequency, the 
energy dissipation during the small oscillation will depend on the strained 
dimensions of the rubber cylinder and the square of the amplitude of the small strain 
produced by the torsion.  
 
The logarithmic decrement ( ∆ ) is given as  
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where n is the number of the successive cycles of oscillation. 
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Figure 4-1 The damped oscillation curve. 
 
From the classic equation12, IK=ω , the  oscillations relationships can be also 
derived in terms of in-phase and out-of-phase torsional stiffness given below96, 
 
)
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2
2

pi
ω
∆
+= I'K        Equation 4.3 
 
piω /I"K ∆= 2 ,       Equation 4.4 
 
where 'K  is the in-phase component of torsional stiffness (torque/rad), "K  is the 
out-phase component of torsional stiffness, I is the moment of inertia of the system, 
ω  is the angular frequency, then we can find the relationship between the static shear 
modulus (G) and the static torsional stiffness ( K )  by using formula for static 
torsion of cylindrical shape, given by  
 
l
GrK
2
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 = .        Equation 4.5 
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Figure 4-2 Showing the dimensionality of cylindrical rod in an unstrained and in a 
tensile strained state. 
 
When the rubber rod is subjected to a static pre-tension, the stiffness can be derived 
from Equation 4.5 in the terms of the deformed shape, so Equation 4.5 becomes 
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K = .        Equation 4.6 
 
Thus, the static torsional stiffness can be expressed the in term of out-phase torsional 
stiffness, given as 
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We can obtain  ∆   in term of "G  by equating Equation 4.4 to Equation 4.7, giving 
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where "G is the dynamic loss shear modulus, 0r  is the initial radius, 0l  is the height 
of the specimen, and λ  is the extension ratio. 
 
The relationship between the log decrement of the oscillation amplitude and the loss 
energy per cycle was derived by Mooney87 
 
m
e
2U
W
=∆ ,        Equation 4.9 
 
where mU is the maximum stored energy per unit volume during a half cycle and eW  
is loss energy per cycle. The derivation of mU is shown below 
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In this particular case the loss energy per cycle can be directly calculated from the 
area of the hysteresis loop. 
 
Torsional stiffness for a perfectly elastic stretched cylinder was given by Rivlin8 as: 
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where M is the torque and N is the axial force. 
 
Thus, if the torque and twist angle are determined experimentally, then the area of 
the hysteresis loop gives the energy dissipation per cycle ( eW ) and Equation 4.12 
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indicates that this should vary with 3/1 λ  and also Equation 4.8 shows that the 
logarithmic decrement depends on 32/1 λω  if it were tested using a small amplitude 
free torsional oscillation. 
 
δtan  is given as the ratio of the loss modulus ( "G ) to the storage modulus ( 'G ), and 
the latter (influenced by the torsional stiffness) is related to the extension ratio in 
accordance with Equation 4.13. Thus the variation of δtan  with strain is dependent 
on the form of the stress-strain curve, and the extent to which Equation 4.12 is 
applicable to an imperfectly elastic material and Equation 4.12 can be used when 
Equation 4.13 is inappropriate due to material non-linearity. 
 
4.2 Results and discussion 
 
All specimens used in this Chapter were made from unfilled rubbers. There are three 
experimental techniques used in this chapter: 
 
1. A static pre-strain superimposed with a forced torsional oscillation. 
2. A static pre-strain superimposed with a small free torsional oscillation. 
3. A static pre-strain superimposed with a small additional free tension 
oscillation. 
 
The experimental techniques were discussed in Chapter 3. The results and 
discussions are separated into two sections: one to describe forced oscillations and 
the other to describe the free oscillation. 
 
4.2.1 A static pre-strain superimposed with a forced 
torsional oscillation 
 
The cylindrical rod with the dimensions of 12.2 mm in diameter and 75 mm in height 
were used in this experiment. There are three unfilled rubbers used whose 
formulations are presented in Chapter 3. The first experiment was a static torsion-
tension test at different axial pre-strains. The comparison of Rivlin’s theory8 and the 
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measured data is given. Next, dynamic tests were done, to calculate the hysteresis 
with the results expressed in term of the loss energy per cycle, loss factor and loss 
modulus. The results are compared with the theory and some initial observations are 
made. 
 
Figure 4-3, Figure 4-4 and Figure 4-5 show that the torsional stiffness for a highly 
elastic material is related to the extending force N and λ  by Equation 4.13. The 
torsional stiffness decreases as the function of pre-tension. The experimental data are 
compared with the theory of Rivlin and Saunders8. The results show that the 
experimental data fits very well with the theory. However the small deviation which 
can be seen in Figure 4-3 for a 20% pre-strain can be explained by the fact that SBR0 
with 0.5 phr of sulphur is not a perfectly elastic material, but at the higher pre-
tension, the material becomes increasingly elastic materials and at 80% and 100% 
pre-strains the pre-strain makes the polymer more perfect elastic. The chain 
entanglement which acts like partial crosslink at small strains are reduced at larger 
extensions6. For this reason, the static torsional stiffness becomes more linear at 
larger pre-strains. The effect of pre-strains on the viscoelastic properties measured 
using a forced vibration test is discussed next. 
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Figure 4-3 A comparison of the experimental data and Rivlin’s equation (Equation 
4.13) for torque and twist angle at different pre-strains for SBR0(1) 
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Figure 4-4 A comparison of the experimental data and Rivlin’s equation (Equation 
4.13) for torque and twist angle at different pre-strains for NR0(10).  
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Figure 4-5 A comparison of the experimental data and Rivlin’s equation (Equation 
4.13) for torque and twist angle at different pre-strains for SBR0(2).  
 
Figure 4-6 illustrates that the measured δtan  or loss factor decreases with increasing 
pre-strain for all specimens, which is similar to the previous findings for a small 
oscillation superimposed on the large extensions5,18. SBR0(1) with 0.5 phr sulphur 
has the highest damping due to its low crosslink density, followed by SBR0(2) and 
NR0(10), respectively.  
 
The loss energy per cycle given by the area of the loading-unloading is plotted 
against 3−λ  as shown in Figure 4-7. The graph shows a good agreement with the 
predicted proportionality expected from Equation 4.12. Unfilled SBR shows a higher 
loss factor than the unfilled NR. This was presumably due to the higher internal 
viscosity of the molecular chains in SBR21. Also, SBR0(1) shows a higher loss factor 
than SBR0(2) because of the difference in crosslink density97. The comparison 
between theory and experiment indicate that the theory can predict the loss energy 
per cycle against the strained dimension. If we now calculate the loss shear modulus 
in terms of the deformed dimensions of the test piece after the static pre-strain is 
applied by using Equation 4.13, the results can be seen in Figure 4-8. 
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Figure 4-8 shows that the loss modulus for all three unfilled materials does not 
change significantly with pre-strain. SBR0(1) shows the highest "G  following by 
SBR0(2) and NR0(10), respectively. That means our assumption where the loss 
energy per cycle changes only due to changes in the strained dimensions and the 
square of oscillation amplitude, is validated. As long as the loss shear modulus does 
not increase with pre-strain, the loss energy per cycle will depend only on the 
deformed test piece geometry. However, due to the difficulty of the experiment set 
up and the signal implementation, the highest frequency that can be applied using 
this test is just 0.001 Hz. Therefore, it is difficult to compare the results with the free 
vibration experiment where the frequency range is approximately between 0.4-1.32 
Hz. For low damping materials, the hysteresis loop is small and results are subjected 
to large changes by the noise of the signal. The free oscillation technique is clearly a 
more reliable technique for this study. This approach is discussed in the next section. 
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Figure 4-6 Loss factor against pre-extension ratio for SBR0(1), SBR0(2) and 
NR0(10). The torsional amplitude is 50  and a frequency of 0.001 Hz is used in this 
test. 
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Figure 4-7 Comparison between experiment and theory (Line is theoretical 
prediction of Equation 4.12 and dot is experiment data) of the loss energy per cycle 
against 3/1 λ  SBR0(1), SBR0(2) and NR0(10). The torsional amplitude is 50  and a 
frequency of 0.001 Hz is used in this test. 
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Figure 4-8 Loss shear modulus against pre-extension ratio of SBR0(1), SBR0(2) and 
NR0(10) based on Equation 4.12. The torsional amplitude is 50  and a frequency of 
0.001 Hz is used in this test. 
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4.2.2 A static pre-strain superimposed with either an 
additional free tension or free torsion oscillation 
 
According to the previous section, the forced oscillation technique has some 
limitations. Using a free vibration technique means that the test frequency can be 
changed in the range 0.1-5 Hz by adjusting the inertia of the oscillating mass. This is 
in the range of interest for practical application such as vibration mounts or 
earthquake bearings. 
 
In engineering applications, the effect of the frequency on the dynamic mechanical 
properties is of interest over a wide frequency range. However, using the beam 
apparatus and a torsion pendulum, the range of oscillation frequencies is determined 
by the inertia used. The frequency of the oscillation also depends on the stiffness of 
the test piece, which is determined by its modulus and shape. The objective of this 
study is to investigate the effect of changes in frequency on the dynamic properties as 
a function of the strain under the restrictions imposed by the use of the oscillating 
beam apparatus. The test frequency was varied by changing the masses on both sides 
of the beam and hence the moment of inertia. Measuring the moment of inertia was 
described previously in Chapter 3. There are three different unfilled rubbers used in 
this work. 
 
Initially, specimens approximately 2580 ××  mm in size were used. The loss 
modulus values were determined at specific levels of pre-strain with an extension 
ratio of 1.2. All the tests were completed in the frequency range of 0.4-1.32 Hz 
shown in Figure 4-9. The most frequency dependent material was found to be 
SBR0(2). This could be explained in terms of Tg of SBR is higher than of NR43. As 
this reason, SBR is more sensitive to frequency than NR at room temperature. Over 
the typical test frequency range, this represents a change in the measured loss 
modulus of less than 2.5% as shown in Figure 4-9. This is considered small, hence 
the effect of the frequency at different pre-strains and hence stiffness values is 
ignored in this work. 
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Figure 4-9 Loss modulus against the log frequency using pre-strain superimposed 
with a small additional free tension oscillation. 
 
It is shown in Chapter 2 that the dynamic behaviour of an elastomer strongly depends 
upon the oscillating amplitude. Under the oscillating beam test the cyclic strain 
amplitude gradually decreases, and therefore it is important to verify that this 
decrease in strain amplitude during the test does not result in non-linear viscoelastic 
behaviour. 
 
A static tensile pre-strain superimposed with an additional tensile oscillation test was 
used to observe this effect over the entire range of amplitude encountered in this 
investigation. The range of the oscillation amplitude used in this work is determined 
by the sensitivity and range of the non contacting displacement transducer. This 
range being from approximately 0.3 mm to 2.5 mm which, for a sample length of 40 
mm, corresponds to strains of approximately 0.75% to 6.25%. To verify that the log 
decrement is not significantly changed by the size of the strain in the oscillation, the 
log decrements were determined from different cycle numbers and hence different 
strain amplitudes. These are plotted against amplitude as shown in Figure 4-10 
together with an indication of the strain reduction during the seven cycles.  
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Figure 4-10 shows that the log decrement is not significantly changed as the strain 
amplitude decreases. The dynamic mechanical properties of unfilled elastomer show 
a small effect of strain amplitude and frequency dependence. However, to control 
these effects, both experiments were adjusted down to the same frequency range by 
changing the inertia bar. 
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Figure 4-10 Log decrement against the amplitude using pre-strain superimposed with 
a small additional free tension oscillation. 
 
The effect of a static pre-strain on the viscoelastic behaviour of rubber is discussed 
next. The experiment set up is explained in Chapter 3. The loss factor was 
determined from the ratio of logarithmic decrement and   as is shown in Equation 
4.2. The results show the same trend with the previous experiment that the loss factor 
decreases with extension ratio as shown in Figure 4-11 and as was reported earlier by 
Kuhn and Kunzle5.  
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Figure 4-11 Loss factor against pre-extension ratio using pre-tension superimposed 
with a small free torsional oscillation. 
 
The logarithmic decrement is shown in Figure 4-12. This graph shows the reduction 
of loss energy per cycle is proportional to the deformed geometry and the square of 
the frequency for all three unfiled rubbers in accordance with Equation 4.8. On the 
other hand, if the loss shear modulus is calculated with reference to the pre-strained 
dimensions using Equation 4.12 and plotted against the pre-strain extension as shown 
in Figure 4-14, it shows that the loss modulus of NR is approximately independent of 
the pre-strain up to an extension ratio about 2. However, loss modulus of SBR is 
independent of the pre-strain until an extension ratio of 1.8 and then it starts 
increasing. This might be explained in terms of effect of crosslink density and the 
difference of monomer unit which results for the difference between loss modulus of 
two rubbers. 
 
The storage modulus increases sharply with the pre-strain for all materials as shown 
in Figure 4-13. The highest values occurs in SBR0(2), followed by NR0(11) and 
NR0(10), respectively. The storage modulus values reflect the trend from the stress-
extension ratio curves shown in Figure 4-15. They show similar trend to the previous 
experiments of Akutagawa19 and Deeprasertkul21 for a static pre-strained sample 
superimposed with an additional tension oscillation.  
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Figure 4-12 Comparison between experiment and theory of the log decrement 
against 321 λω/  (Line is theoretical prediction of Equation 4.8 and dot is experiment 
data). 
 
However, the modest increases in "G at an extension ratio greater than 2 arises at a 
lower extension ratios than the finite extensibility effects seen in the curves of the 
stress versus the extension ratio shown in Figure 4-15. It appears at least for the SBR 
materials that "G  is more sensitive to the polymer chain orientation than the stress–
strain behaviour. NR0(10) has a lower sulphur content and hence a lower crosslink 
density than NR0(11) as can be seen from both the lower stress–strain behaviour and 
higher "G values. Also, the results show that the extension ratio at which the finite 
extensibility effects are observed is greater for NR0(10) than NR0(11). The strain for 
the observed increase in "G  is also greater in NR0(10) which has virtually no 
increase in "G  over the range of experimental strains described in this chapter. The 
results show the same trends for both types of deformation.  
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Figure 4-13 Storage modulus against pre-extension ratio using pre-strain 
superimposed with a small free torsional oscillation. 
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Figure 4-14 Comparison of "G  measured from a static pre-strain superimposed with 
an a small tension oscillation and a small torsional oscillation test, plotted as a 
function of pre-tension (The hollow symbols are from a tension-torsion test and the 
solid symbols are from a tension-tension test). 
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Figure 4-15 Stress against extension ratio measured at the strain rate of 0.143 1/s. 
 
This indicates that the pre-strain has virtually no effect on "G , at least up to an 
extension ratio of 2, and that the behaviour is broadly isotropic, with similar data 
being measured with strain within the accuracy of the experiment, for both types of 
deformation. This work confirms the previous findings of Busfield et al.22 and Davies 
et al.20 up to about 100% strain, that "G  is approximately independent of strain. At 
an extension ratio greater than 2, the curves start to show a modest increase in "G . It 
is likely that this strain represents the point at which the elastomer network begins to 
depend on pre-extension. Above an extension ratio of 2, it is possible that molecular 
orientation might have an effect on the viscoelastic behaviour. The orientation of the 
monomer units, as distinct from the chain segments between crosslinks, is probably 
the controlling factor in any change in "G  with strain. The statistical theory suggests 
that the orientation of the chain segments between crosslinks is modest until the 
polymer chains are extended by a substantial fraction of their contour length.  
 
The next stage of this investigation is to measure the behaviour for common 
engineering compounds that contain fillers. If it applies there as well then it will be, 
from an engineering design point of view, an important discovery because for 
situations in which the working extensions are below 2, the viscoelastic behaviour 
may be independent of the strain. Also, the energy dissipation should be easy to 
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calculate for any simple oscillation (in any direction) applied to a pre-strained 
component, with only a relatively simple material characterisation being required. 
 
4.3 Conclusions 
 
It appears from the work described in the chapter that the dynamic behaviour of a 
pre-strained rubber sample alters with extension ratio. The results measured from 
small dynamic oscillations show that the loss factor decreases with pre-strain. 
However, a simple analysis shows that this effect is due to geometric changes alone 
and that the essential viscoelastic behaviour expressed as the loss modulus calculated 
with reference to the pre-strained dimensions, G″, is approximately constant with 
strain up to an extension ratio of about 2 for both unfilled SBR and NR compounds. 
Small oscillations in tension and torsion on pre-strained samples also show that the 
pre-strain does not induce any significant anisotropy in the loss modulus, with the 
results giving very similar values of G″. Above 2 it is possible that constraints on the 
molecular orientation of the monomer units in the polymer chain might have an 
effect on the viscoelastic behaviour. This is a worthwhile finding that might have 
potential applications in engineering applications even though these will be for filled 
rubbers. As for most engineering applications, where the working extensions are 
below 2, it appears that the viscoelastic behaviour is independent of the extent of the 
strain and the energy dissipation should be easy to calculate from a relatively simple 
characterisation. 
 
 The next Chapter will present the investigation at larger pre-strains on the 
viscoelastic behaviour of the elastomer. Also the effect is investigated for typical 
compounds that contain filler. 
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CHAPTER 5: The viscoelastic behaviour of 
rubber under a complex loading: filled rubber 
 
Summary 
 
Chapter 4 showed that when a small strain oscillation is superimposed on a larger 
pre-strain that the loss modulus does not vary with the pre-strain for a range of 
unfilled rubber materials up to strains 100%. Also for unfilled rubbers it was 
observed up to 100% strain that there was no anisotropy in the loss modulus 
behaviour. This chapter extends the previous work in Chapter 4 to larger pre-strains 
for styrene butadiene rubber (SBR) compounds, natural rubber (NR) compounds, and 
silicone rubber compounds some of which incorporate carbon black and fumed silica 
fillers. These results show that for materials with 25 phr of carbon black and silica 
filler, the loss modulus is still independent of the pre-strain for normal working 
strains but at filler contents of 50 phr, the loss modulus increases with pre-strain at 
extension ratio less than 2. For the silica filler, coupling agent appears to play an 
important role in the viscoelastic behaviour. The change in loss modulus with strain 
for the filled rubber can in part be explained by strain amplification, slippage, and 
shape factor effect. These can help to further understand the mechanism of filler 
reinforcement in rubber materials.  
 
Additionally, the effect of the load history and amplitude dependence in the loss 
modulus with pre-strain are also described. The work described in this paper has 
recently accepted for publication in the Journal of Applies Polymer Science by 
Suphadon et al98 (Appendix 7). 
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5.1 Theory 
 
In engineering applications containing rubber such as tyres and vibration mounting 
systems the rubber part of the component is often subjected to a combination of 
complex dynamic loads. Clearly, the viscoelastic behaviour of the materials under a 
combination of a static strain with an additional fluctuating strain is important. 
Busfield et al.22 and Davies et al.20 studied the dynamic behaviour of pre-strained 
strips of rubber subjected to tensile oscillations. This approach is again used here to 
study the anisotropy in the viscoelastic behaviour resulting from the application of 
the pre-strain. For a range of unfilled rubbers, at pre-extension ratios below 2 the loss 
modulus is independent of the pre-strain and the energy dissipation depends upon the 
geometrical changes alone. In this work larger pre-strains to an extension ratio above 
2 are observed using both unfilled rubbers as well as rubber compounds filled with 
carbon black and silica. Additionally, the silicone rubbers which have a different 
chemical structure to the rubbers used elsewhere in this thesis are also investigated. 
The anisotropy in the loss modulus with strain can be examined by measuring the 
damped oscillations in a rubber sample pre-strained in tension with either a 
superimposed torsion oscillation or an additional tensile oscillation. Moreover, the 
static pre-strain in pure shear superimposed with simple shear oscillation is also 
investigated and discussed in Chapter 6. 
 
As discussed in Chapter 2, the effects of carbon black on the dynamic behaviour of 
rubber have been discussed by several researchers58-60,63,71,99-105. Rubber compounds 
that contain fillers exhibit higher modulus than unfilled rubber, because the carbon 
black and silica are much stiffer than the rubber. This simple stiffening effect is 
known as the “hydrodynamic” effect. In addition, as the deformation of rubber phase 
in a filled compound is larger than the bulk deformation, there is also an effect 
known as the “strain amplification effect”. Taking Equation 2.74 in Chapter 2 where 
the increase in modulus due to a filler is calculated based on the filler volume 
fraction.  It is easy to adopt a similar approach to derive an identical equation for the 
loss modulus ( "G )103: 
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)114521( 2ff0 V.V."G"G ++= ,     Equation 5.1 
     
where "G0  is the loss modulus of the unfilled rubber. 
 
There are two experiment techniques used in this chapter. First is the static pre-strain 
superimposed with a free torsional oscillation, the second is the pre-strain 
superimposed with an additional free tension oscillation. The experiment schematics 
are shown in Chapter 3. 
 
For torsional oscillation of  'G  and "G  of a cylinder rod are expressed in terms of 
the undeformed geometry as: 
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where I is moment of inertia of the rectangular bar,ω is angular frequency, 0l  is the 
length of the specimen and 0r  is the radius of the specimen. 
 
When the rubber rod is subjected the static pre-tension as shown in Figure 4-2, the 
Equation 5.2 can be written in the terms of the deformed shape given as: 
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As is given in Chapter 2, δtan  is the ratio of loss modulus and storage modulus, so 
the loss modulus is given as: 
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where ∆  is the log decrement, ω is angular frequency and λ  is extension ratio 
achieved during the pre-strain. 
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For the tensile oscillation, 'G  and "G are expressed in terms of the undeformed 
geometry as defined by Busfield et al.22,106 and Davies et al.20 as: 
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where I  is the moment inertia of the beam, cr is the distance from the knife edge to 
the clamped rubber, 0l  is the original test piece length and 0A  is the undeformed 
cross-sectional area of the test piece. 
 
5.2 Results and discussion 
 
5.2.1 Effect of amplitude and loading history to viscoelastic 
behaviour 
 
It has been known that the addition of carbon black to the crosslinked rubber has a 
significant effect on the viscoelastic behaviour of rubber. Payne and Whittaker28 
showed the amplitude effect to the dynamic behaviour of filled rubber. In this work, 
before the viscoelastic behaviour under pre-strains is observed, the amplitude of the 
small strain will be investigated first to ensure that it is in the linear range. The 
experiment used to investigate the amplitude effect was the tension-torsion test. The 
rubber cylindrical rods were subjected to a large pre-strain and then an applied 
torsional oscillation at different shear strain amplitudes of 0.00142, 0.000128 and 
0.00001. Only SBR was observed because SBR shows higher viscoelastic properties 
than NR which means it shows more sensitive to strain amplitude than NR. 
 
The results shown in Figure 5-1 show how loss modulus varies with pre-strain. SBR0 
is tested only at the smallest amplitude because unfilled rubber does not show any 
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significant amplitude dependences. For SBR25, the loss modulus is independent of 
amplitude for all these strain because all the shear strain amplitudes give similar 
results. However for SBR50, only shear strain amplitudes of 0.00001 and 0.000128 
show similar results. The loss modulus of the largest amplitude shows a marked 
amplitude dependence. At this point, it can be seen that for unfilled and filled rubber 
up to 50 phr carbon black, the linear range of loss modulus is in the shear strain range 
of 0.00001-0.000128. This confirms all our experiments in tension-torsion test have 
been conducted in the linear range. 
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Figure 5-1 Loss modulus against pre-extension at different shear amplitude ( ∆ , 
shear strain=0.00142, , shear strain=0.000128, , shear strain=0.00001) using pre-
tension superimposed with a small free torsional oscillation. 
 
 
The effects of the loading history to the viscoelastic properties are also observed107. 
The experiments were also conducted using the tension-torsion test. The rubber 
specimens were pre-strained and then oscillated at a small torsional oscillation. After 
the maximum pre-strain was reached, then sample was unloaded and retested at each 
pre-strain. The results of both conditions were compared. Figure 5-2 and Figure 5-3 
show that the loss modulus of unfilled and lightly filled rubber both NR and SBR are 
virtually independent from the loading history of the pre-strain. With the difference 
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between the data being measured when the pre-strain is being increased and the data 
measured when the pre-strain is reduced being very modest, with the loss modulus in 
the loading direction being higher than during unloading. For highly filled rubber the 
discrepancies in the loss modulus between the loading and the unloading were the 
largest.  
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Figure 5-2 Loss modulus against pre-extension during initial loading and then during 
unloading (= loading and = unloading) using pre-tension superimposed with a 
small free torsional oscillation. 
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Figure 5-3 Loss modulus against pre-extension during initial loading and then during 
unloading (= loading and = unloading) using pre-tension superimposed with a 
small free torsional oscillation. 
 
5.2.2 The viscoelastic behaviour of filled rubber at a 
different loading of carbon black as a function of strain 
 
Chapter 4 showed that for an unfilled rubber the loss modulus is independent of pre-
strain for pre-strains below 2 and this is the same whether measured using the 
torsional oscillation or the tension oscillation (in plane with the pre-strain). This work 
extends this work shown to pre-strains greater than 2 and also to filled rubbers. 
Again, the results from the two experimental set ups were observed. 
 
The incorporation of fillers made the materials much stiffer and stronger as shown in 
Figure 5-4 and Figure 5-5. The SBR compounds were specifically compounded to 
have a modest cross link density so that they could be pre-strained to more than 
500% without breaking. All the rubbers showed an elongation at break above 300% 
strain allowing all the tests to be done up to large strains. Equations 5.3 and 5.4 were 
used to determine 'G  and "G  respectively for the static pre-strain superimposed with 
a torsional oscillation. Equations 5.5 and 5.6 were used to calculate 'G  and "G  
respectively for the static pre-strain superimposed with a tensile oscillation. 
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Figure 5-4 Tensile stress against extension ratio of SBR measured at the strain rate 
of 0.143 1/s with different carbon black contents.  
 
 
0
1
2
3
4
5
6
7
8
9
10
1 2 3 4 5 6 7
Extension ratio
T
en
sil
e 
st
re
ss
 
/ M
Pa
NR50
NR25
NR0
 
Figure 5-5 Tensile stress against extension ratio of NR measured at the strain rate of 
0.143 1/s with different carbon black contents. 
 
Figure 5-6 and Figure 5-7 show how the loss modulus "G  varies as a function of the 
pre-strain measured using both small tension and torsion oscillations. The 
dependence of the loss modulus with pre-strain is modest at extension ratios below 
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3.0 for the unfilled rubbers (NR0 and SBR0) but above that an increase in loss 
modulus with strain is observed. In Chapter 4, it was suggested that at these large 
extensions molecular orientation and the finite extensibility effect of the rubber 
molecules might have started to have an effect on the viscoelastic behaviour. The 
orientation of the monomer units, as distinct from the chain segments between 
crosslink, and the entanglement slippage at large pre-strain were suggested to be the 
factors which controlled the change in "G  with strain. The statistical theory suggests 
that the orientation of the chain segments between crosslink is modest until the 
polymer chains are extended by a substantial fraction of their contour length. 
However, the orientation of the monomer unit takes place at much lower global 
strains.  
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Figure 5-6 Loss modulus against pre-extension ratio for SBR with different carbon 
black contents. 
 
 
CHAPTER 5   The viscoelastic behaviour of rubber under a complex loading: filled rubber 
 153 
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1 1.5 2 2.5 3 3.5 4
Pre-extension ratio
G
"
 
/ 
M
Pa
NR50 tension-tension
NR50 torsion-tension
 NR 25 tension-tension 
 NR 25 torsion-tesnion
NR0 tension-tension
NR0 torsion-tension
 
Figure 5-7 Loss modulus against pre-extension ratio for NR with different carbon 
black contents. 
 
For SBR and NR with 25 parts per hundred of rubber filled with carbon black, the 
changes in loss modulus with pre-extensions are still modest up to extension ratios of 
2, but the upturn is clearly more marked than was the case for the unfilled rubber. 
This contrasts with the more highly filled rubbers, NR50 and SBR50, where the loss 
modulus is clearly dependent on the pre-strain at extension ratios lower than 2. 
 
Both the modulus and viscosity increase due to the hydrodynamic effect at higher 
filler content, by an amount given by the Guth-Gold50 relationship. These fillers 
produce local strains in the rubber phase of the composite that are higher than the 
globally applied strains and this strain amplification50,108-110 reduces the strain at 
which the increase in loss modulus is felt with an increase in the filler volume 
fraction. Also, the breaking down of the occluded filler might be explained these 
results. However, when we consider the results shown in Figure 5-10 and Figure 
5-11, where the tests were conducted in torsion-tension test at zero pre-strain, it 
appears that both the storage and the loss modulus of the filled materials measured 
experimentally are significantly higher than those calculated using the unfilled rubber 
behaviour modified by the Guth-Gold equation.  
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For NR50 the measured loss modulus is 5 times greater than expected when 
compared to the Guth-Gold calculation, whereas the storage modulus is 4.5 times 
greater. For SBR50 the measured loss modulus is 3.75 times greater than expected 
and the storage modulus is 2.6 times greater. The reason that the measured data is 
much higher than predicted by Guth-Gold relationship results from the shape of the 
N330 fillers, which are not the perfect spheres assumed during the derivation of the 
equations. However, at small strains and with small additional oscillations, the 
deformation should be in the linear visco-elastic range, therefore both G′ and G
 
should both depend upon the volume fraction of the filler and the filler shape to the 
same amount. This is not entirely true and therefore some other energy dissipation 
mechanism must take place.  
 
In Figure 5-8 and Figure 5-9 the previous data measured using the tension with 
superimposed torsion are replotted to examine more closely the loss factor (the ratio 
of loss modulus to the storage modulus) against the amount of pre-strain. Examining 
the behaviour at small strains, where you might expect the loss factor to be the same 
for both the filled and the unfilled elastomers, as both the storage and loss modulus 
should both be altered to the same extent by the presence of a filler, it is shown 
clearly that the loss factor is greater for the filled rubbers. This might be a result of 
the unpeeling of rubber from the carbon black or as a result of energy dissipation 
during frictional sliding of the rubber over carbon black surface under 
deformation29,103,111. This may have the effect of relieving the stresses more in a 
filled material than is possible in the unfilled compound. In this case a small 
additional oscillation in the direction of pre-strain may more readily result in slippage 
and hence more energy dissipation than a small oscillation in another plane. The 
effect is also more significant at small volume fractions as the ratio between NR0 and 
NR25 as well as SBR0 and SBR25 is proportionally greater than that for NR50 and 
SBR50 compared to their unfilled counterparts.  
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Figure 5-8 Loss factor against pre-extension ratio for SBR with different 
concentrations of carbon black using pre-tension superimposed with a small free 
torsional oscillation. 
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Figure 5-9 Loss factor against pre-extension ratio for NR with different 
concentrations of carbon black using pre-tension superimposed with a small free 
torsional oscillation. 
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Fukahori68 proposed an alternative explanation whereby the large hysteresis occurs 
from the sliding of the orientated molecules stretched out between adjacent carbon 
black particles. This interconnecting continuous rubber phase is known as the super 
network. In the model which is shown in chapter 2 the network consists of lightly 
crosslinked molecules connecting the filler particles. This network dissipates more 
energy as a result of greater viscoelastic behaviour when subjected to a large strain.  
 
Figure 5-6 and Figure 5-7 show a comparison of the loss modulus measured both in 
the direction of strain as well as the perpendicular direction. Clearly the behaviour of 
the unfilled compounds is modestly anisotropic at the higher pre-strains, with the loss 
modulus in the tension-tension test being slightly higher with pre-strain. However, 
for the filled materials greater anisotropy is observed in the loss modulus at larger 
pre-strains, with the tension-torsion test being less strain dependent than the tension-
tension test. A viscoelastic dissipation mechanism frequently attributed to filled 
elastomers arises as a result of frictional sliding of the polymer over the filler 
interface. This has the effect of relieving the stresses more in a filled material than is 
possible in the unfilled compound. In this case a small oscillation in the direction of 
pre-strain may more readily result in slippage and hence more energy dissipation in 
the direction of the pre-strain. Adopting the super network theory of Fukahori68, the 
network generates more hysteresis in the oscillated direction of the pre-strain which 
the molecules are aligned rather than the other loading directions. 
 
All the NR compounds have higher loss modulus dependence with pre-strain than the 
SBR compounds. This might simply result from the differences in the extent of the 
cross linking, as the SBR compounds were all less tightly cross-linked than the 
corresponding NR compounds to allow them to be extended to large strains. As a 
result their molecules are less highly oriented under strain and hence they have to be 
strained further before the effects of any finite extensibility are felt. The increase in 
the damping seen in the filled NR may also be a consequence of a difference in the 
interfacial slippage of the bonds at the filler-rubber interface which might have a 
greater role to play in NR. The bonds at the interface are secondary Van den Waals 
and their magnitude might be slightly different between the two rubbers. The pre-
strains in all the NR materials were maintained below the threshold for the onset of 
complications arising due to strain induced crystallisation. 
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Figure 5-10 The ratio between storage modulus of filled rubber and unfilled rubber, 
comparison between experiment and theory. The data were calculated from pre-
tension superimposed with a small free torsional oscillation at zero pre-strain. 
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Figure 5-11 The ratio between loss modulus of filled rubber and unfilled rubber, 
comparison between experiment and theory. The data were calculated from pre-
tension superimposed with a small free torsional oscillation at zero pre-strain. 
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5.2.3 The viscoelastic behaviour of filled rubber at a 
different loading of fumed silica and silane coupling agent 
as a function of strain 
 
This work extends the previous work by substituting silica for the carbon black. 
Silica requires a silane coupling agent (Si69) to be used to make the surface more 
hydrophobic and therefore more compatible with the non-polar rubber matrix70. The 
tensile test results are shown in Figure 5-12. The SBR with 50 parts per hundred of 
silica is clearly of higher modulus than SBR25. This is in accordance with several 
researchers63,112,113 who found that silica fillers improve the physical properties of 
rubber. The amount of Si69 needed to make an effecting coupling agent was also 
investigated. At small strains the silane coupling agent does not show a significant 
effect on the modulus but at higher strains the increased amount of Si69 raised the 
modulus. Dannenberg59 found that the coupling agent improved the dispersion and 
prevented the formation of secondary structures which reduce the properties of the 
rubber. 
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Figure 5-12 Tensile stress against extension ratio of SBR with different silica 
contents and coupling agent contents at the strain rate of 0.143 1/s.  
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The dynamic mechanical properties of rubber filled with silica under pre-strain are 
shown in Figure 5-13, Figure 5-14 and Figure 5-15. These results were conducted 
using a pre-strained test superimposed with a small tension oscillation. The loss 
modulus is plotted against the pre-strain. For the smallest silica content, the loss 
modulus is constant with pre-strain up to an extension ratio of 2 and it only starts to 
increase slightly above this strain. SBR50, with 2 and 5 phr Si69 also shows that the 
loss modulus is also independent of pre-strain up to an extension ratio of 2. These 
results conflict with the results of rubber filled with carbon black shown in Figure 
5-6. It is possible that the frictional loses at the filler-polymer interface is low which 
makes "G  still independent from the pre-strain. To validate this, larger amounts of 
coupling agent were added up to 10 phr. Figure 5-13 shows that at 10 phr Si69, "G  is 
broadly lower when compared with a lower amount of Si69 which is in agreement 
with previous work59 but the graph shows the upturn in "G  happens at lower pre-
strains than was the case with a lower amount of Si69.  That suggests the coupling 
agent improves the dispersion and increases the strain amplification effect and the 
filler-rubber interaction. Also, the coupling agent reduces the loss factor. This is 
confirmed by the result shown in Figure 5-15. SBR25 with 1 phr Si69 shows the 
largest loss factor, followed by SBR50 with 2, 5 and 10 phr Si69.  
 
The result of the storage modulus plotted against pre-extension is shown in Figure 
5-14. Unsurprisingly, a higher Si69 content increases the storage modulus. The 'G  
graph sharply increases with pre-strain. This confirms that the coupling agent 
improves the dispersion and increases the filler-rubber interaction which increases 
the stiffness of the material.  
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Figure 5-13 Loss modulus against pre-extension ratio with different amount of 
coupling agent and silica contents using pre-strain superimposed with a small 
additional free tension oscillation. 
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Figure 5-14 Storage modulus against pre-extension ratio with different amount of 
coupling agent and silica contents using pre-strain superimposed with a small 
additional free tension oscillation. 
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Figure 5-15 Loss factor against pre-extension ratio with different amount of coupling 
agent and silica contents using pre-strain superimposed with a small additional free 
tension oscillation. 
 
5.4.4 The effect of pre-strain to the viscoelastic behaviour of 
silicone rubber 
 
In this section the fumed silica filled polydimethysiloxane is tested. Unfilled silicone 
has extremely poor mechanical properties and can tear easily under pressure from 
just your fingernail. The most effective reinforcing filler is hexamethyldisilazane 
treated fumed silica81. The reinforcement of fumed silica is due to its high structure, 
large surface area, and active surface chemistry. Moreover, the silica filler also can 
bond with polysiloxane chains during mixing and it becomes stronger as the 
compound ages84. The curing process is discussed in Chapter 3 and a two parts 
curing process was used. The mix was cured at room temperature for 4 hours. There 
was a practical difficulty in mixing because the viscosity of polysiloxane was high. 
Therefore, when the fumed silica was mixed in the rubber, the viscosity became very 
high so the maximum content of fumed silica which was possible in this work was 
just 15 phr.  
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Figure 5-16 shows the behaviour of unfilled rubber and composites made with fumed 
silica at two different concentrations. The 5 phr composite has a tensile stiffness 
larger than the unfilled rubber. The 15 phr composite has a tensile stiffness 40% 
larger than the unfilled rubber and it breaks at a much higher elongation. This 
confirms the reinforcing effect of the filler. The mechanical properties of filled 
silicone rubber are shown in Figure 5-17 and Figure 5-18. This work was conducted 
with a static pre-strain superimposed with an additional tension oscillation. The loss 
modulus is plotted against pre-extension ratio as shown in Figure 5-17. Surprisingly, 
the loss modulus for all filler concentrations depends on the pre-strain even at a small 
pre-strain. The results contrast with the previous experiments on NR and SBR where 
the loss modulus of unfilled and slightly filled rubbers is independent of the pre-
strain up to large strains. The possible reason to explain these results is due to the 
effect of crosslink density and the structure of monomer unit. As is claimed in 
Chapter 4, for unfilled rubber the loss modulus which upturns with a large pre-strain 
is controlled by the monomer unit orientation and chain entanglement. For silicone 
rubber, the number of physical entanglement may be small and all the crosslink 
points are chemical crosslinks. This may explain why the loss modulus increases 
even at a small strain. For the filled silicone rubber, similar to the NR and SBR the 
loss modulus increases with pre-strain. Figure 5-18 shows the storage modulus 
plotted against pre-strain. The results show the same trend with the NR and SBR 
rubber in that there is an increase with pre-strain for both the unfilled and filled 
rubber. 
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Figure 5-16 Tensile stress against extension ratio of silicone rubber with different 
silica contents at the strain rate of 0.143 1/s. 
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Figure 5-17 Loss modulus against pre-extension ratio with different silica contents 
using pre-strain superimposed with a small additional free tension oscillation. 
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Figure 5-18 Storage modulus against pre-extension ratio with different silica 
contents using pre-strain superimposed with a small additional free tension 
oscillation. 
 
5.3 Conclusion 
 
The effect of a large pre-strain on the dynamic behaviour of the rubber has been 
investigated using both in-plane and out-of-plane oscillations. At lower pre-strains 
the loss modulus is independent of pre-strain in contrast to larger pre-strains where 
there is a modest dependence with pre-strain. Similarly the pre-strain does not induce 
any anisotropy in "G  at a lower pre-strain. However, at larger pre-strains it is 
possible that the constraint on the monomer units in the rubber network might effect 
the viscoelastic behaviour. The loss modulus of filled rubbers is seen to depend to a 
larger extent on the pre-strain especially at large pre-strains and with highly filled 
rubber. This is probably thought to arise from strain amplification effects and the 
molecular slippage over the carbon black surface or the super-network theory of 
Fukahori68. The anisotropy suggests that the frictional sliding at the filler boundaries 
depends upon the direction of the stress field around the filler. For silica filled 
rubber, the viscoelastic behaviour is controlled by the content of silane coupling 
agent which controls the filler and rubber interaction. Additionally, the loss modulus 
of unfilled and filled rubber silicone increases with pre-strain over all ranges of pre-
CHAPTER 5   The viscoelastic behaviour of rubber under a complex loading: filled rubber 
 165 
strain. This can be explained in the terms of a number of monomer units and the 
entanglement of crosslinked silicone rubber is rather small compared with SBR and 
NR. 
 
The results in this work are useful for general engineering applications for example 
when rubber is used in vibration damping applications where a complex loading is 
applied to a component and the designer wishes to predict the energy dissipation per 
cycle. The introduction of a single term for the loss modulus for a wide range of 
geometries, pre-strains and loading cycles means that it should be much easier to 
design components using analytical design approaches such as finite element 
analysis. 
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CHAPTER 6: Effect of pre-strain in pure shear 
superimposed with a small simple shear 
oscillation 
 
Summary 
 
Chapter 5 discussed how the viscoelastic behaviour of rubber varies as a function of 
a large tensile pre-strain superimposed with an additional much smaller torsion or 
tension oscillation. The loss modulus for most compounds and up to large pre-strains 
is independent of pre-strains and was also isotropic. This finding are further 
investigated here using a new and different test piece geometry, whereby a static pure 
shear is superimposed with a small strain additional simple shear oscillation. The 
results are compared to the results from Chapter 5 and show that for an unfilled 
rubber the energy dissipation measured from the small simple shear oscillation, when 
calculated in terms of the deformed geometry, depends upon a single measured loss 
modulus which is isotropic with pre-strain. However, for a filled rubber, the loss 
modulus is somewhat dependent on the pre-strain, especially for a highly filled 
rubber. This filler induced strain dependence of the loss modulus is discussed in 
terms of the strain amplification and the rubber-filler interaction.  
 
The substance of this work has been submitted for publication in Polymer Testing by 
Suphadon et al114 (Appendix 7). 
 
6.1 Theory 
 
The viscoelastic behaviour is expressed in terms of loss modulus and loss energy per 
cycle. The derivation of the theory used to determine the behaviour of a pre-strain in 
pure shear test piece superimposed with a small simple shear oscillation, as is shown 
in Figure 6-1, is presented below9, 
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2
e  e"EW = ,        Equation 6.1 
 
where eW  is the loss energy per cycle, "E  is the loss modulus which for an 
incompressible material  is equal to 3 "G , where "G  is loss shear modulus and e is 
the shear strain amplitude which can be calculated by, 
 
0
amp
l
a
e = ,        Equation 6.2 
 
where 0a is the shear amplitude and 0l  is the original length. 
 
However, in the pre-strained state the shear strain amplitude becomes 
 
0
amp
l
a
e λ= ,        Equation 6.3 
 
and  
 
0l
l
=λ .        Equation 6.4 
 
In the pre-strained state, the energy dissipation per cycle becomes 
 
2
0
2
2
amp
e
3
l
a"G
W
λ
= .       Equation 6.5 
 
From Equation 6.5, if a graph of eW  versus 2λ  produces a linear relationship then the 
loss modulus "G  is constant with pre-strain which would be in accord with the 
findings of Chapters 4 and 5. In this case the energy dissipation only depends upon 
the shape of the sample after it has been pre-strained and subjected a simple shear 
oscillation. 
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Figure 6-1 Pure shear superimposed with simple shear experimental diagram. 
 
6.2 Results and Discussions 
 
The experiments were conducted in the static pre-strain in pure shear superimposed 
with a small simple shear oscillation. The experiment techniques are described in 
Chapter 3. Figure 6-2, Figure 6-3 and Figure 6-4 show how hysteresis curves of the 
simple shear oscillation vary for different pre-strains for SBR0, SBR25 and SBR50. 
The results clearly show that the shear stiffness decreases with an increase in the pre-
strain and also the dissipated energy decreases with increasing pre-strain. As we have 
discussed earlier94, this reduction of energy dissipation with pre-strain might depend 
only on the geometric shape. This assumption is validated by the graph in Figure 6-5, 
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where energy loss per cycle is plotted against 21 λ/ . The results show that for 
unfilled rubber the loss energy per cycle is linear with 21 λ/ . However, for the filled 
rubbers SBR25 and SBR50 the deviation from the theory is larger. These results 
confirm that the energy dissipation in a filled rubber depends both upon the deformed 
test piece geometry as well effects from the filler. If the same data from Figure 6-5 is 
replotted as the loss modulus using Equation 6.5, as is shown in Figure 6-6, then the 
unfilled rubber is clearly independent from the pre-strains up to an extension ratio of 
2. For filled rubber, the loss modulus is greater than unfilled rubber and there is some 
small dependence upon the pre-strain with SBR25 slightly increasing with pre-strain 
and SBR50 being more dependent on the pre-strain. The result indicates for SBR50 
that a 160% increase is seen between a pre-extension ratio of 1 to 1.92. This shows 
the scale of the effect of adding the filler on the viscoelastic behaviour.  
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Figure 6-2 Shear force against simple shear amplitude at different static pure shear, 
SBR0. 
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Figure 6-3 Shear force against simple shear amplitude at different static pure shear, 
SBR25. 
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Figure 6-4 Shear force against simple shear amplitude at different static pure shear, 
SBR50. 
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Figure 6-5 Energy dissipation per unit volume against 1/λ2 with different carbon 
black contents. 
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Figure 6-6 Loss modulus against pre-extension ratio with different carbon black 
contents. 
 
The loss modulus results can be compared with the results measured using identical 
materials tested under a tensile pre-strain subjected to either a small strain torsional 
or tensile oscillation as is shown in Figure 6-7, Figure 6-8 and Figure 6-9. In Figure 
Theory  
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6-7, the loss modulus of SBR0 is compared. The graph shows that three experiment 
techniques give a very similar result for all pre-strains. This can confirm that "G  of 
unfilled rubber is isotropic. Also in Figure 6-8, "G  for SBR25 is isotropic at a small 
pre-strain but at a larger pre-strain the deviation is more significant. Again, the 
mechanism used to explain this anisotropy98,107,110 is possibly from the different 
direction of the stress around carbon black surface set up by the pre-strain being 
different for each of the different pre-strains.  
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Figure 6-7 Loss modulus against pre-extension ratio for all three different test 
configurations, SBR0. 
 
However, for SBR50 shown in Figure 6-9 shows that a significant difference occur in 
pure shear superimposed simple shear test. At zero pre-strain the loss modulus of 
pure shear superimposed with simple shear is about 0.5 MPa which is less than 
results from tension-tension and tension-torsion test by about 50%. This is probably 
because our force oscillation tests are of insufficiently small strain for linear 
viscoelastic behaviour to apply28,115. This reveals the benefit of working in the free 
vibration regime at very small strains, where it is much easier to measure behaviour 
at the very small strains required to be in this linear range. Figure 6-10 shows that 
over a decade in strain amplitude there is no discernable change in "G  for SBR25. 
The forced simple shear oscillation tests were done at an oscillating strain amplitude 
CHAPTER 6       Effect of pre-strain in pure shear superimposed with a small simple shear 
 173 
of 0.1, this is significantly greater than the strain amplitude from the comparable free 
oscillations test which was about 0.00001 for tension-torsion test and about 0.0075 
for tension-tension tests. This 5 orders of magnitude change in strain amplitude 
between the free and the forced vibrations might also explain why the results for 
SBR25 appear to exhibit slightly more anisotropy than is observed between the two 
free oscillation tests. 
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Figure 6-8 Loss modulus against pre-extension ratio for all three different test 
configurations, SBR25. 
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Figure 6-9 Loss modulus against pre-extension ratio for all three different test 
configurations, SBR50. 
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Figure 6-10 Effect of amplitude to "G  the experiment was conducted at zero pre-
strain and data frequency of 1 Hz. 
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6.3 Conclusions 
 
This chapter has confirmed the findings of Chapters 4 and 5 that the loss energy per 
cycle of unfilled rubber specimen under a static pre-strain depends only on the 
deformed test piece geometry and the loss modulus which is independent of the pre-
strain for an unfilled rubber and for a filled rubber over most of the strained range. 
The work has now been observed with three different test configurations. 
 
This work used a static pre-strain in pure shear superimposed with a small simple 
shear oscillation. The viscoelastic behaviour is once again expressed in the terms of 
the loss modulus calculated in terms of the deformed test piece geometry.  
 
The presence of reinforcing filler is though to produce the increase in the loss 
modulus at the largest pre-strains. The effect of the strain amplification52 and filler 
interaction16,29,103,116-118 can be used to explain this behaviour. The isotropic 
behaviour of the loss modulus can be seen with the unfilled and lightly filled rubber 
but the highly filled rubber is more complex. This is suggested that the strains are too 
great to be in a linear viscoelastic regime. 
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CHAPTER 7: Investigation behaviour of 
rubber under the complex loading using FEA 
 
Summary 
 
Rivlin and Saunders8 proposed an elastic solution for the problem of a rubber 
cylinder subjected to combinations of tension and torsion. The theory correctly 
predicts the experimentally observed behaviour where the length of the cylinder 
increases as a twist is applied and conversely there is a reduction in the moment 
resulting from the application of an additional tensile loading. This problem is of 
interest for two reasons. Firstly, the reduction in axial force with twist is second order 
by virtue the change in the axial force being a symmetric function of the square of 
the twist angle. Therefore, the problem makes a demanding test of the applicability of 
the finite element method at solving this large strain elasticity problem. Secondly, the 
Rivlin elasticity solution is general and could in principle be applied to any forms of 
strain energy function. As a result it is a useful test of the validity of different strain 
energy functions for general use. However, before investigating the large strain 
elastic problems, the benchmark problems will be studied first because we would like 
to ensure that the FEA package provides the accurate results. The bulks of the work 
presented here in this chapter has been published in Plastics Rubber and Composites 
by Suphadon et al.119(Appendix 7) 
 
Yeoh120 and Ahmandi et al.121 have examined benchmark problems that model 
torsional behaviour using a finite element analysis (FEA) model and they compared 
their predictions with the theoretical solutions for a rubber cylinder derived by Rivlin 
and Saunders8. Their work shows the FEA gives a good agreement with the theory 
for the stiffness. However, this work presents a more complex loading where a pre-
tension is applied before an additional torque is applied. This geometry was chosen 
not only because this thesis is concerned with the effects of a static pre-strain on a 
component subsequent behaviour but also the suitability of the FEA for more 
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complex second order effects such as the axial force reduction in a pre-strained 
sample due to an additional twist had not yet been demonstrated. 
 
Bonded rubbers to metal components are integral to vehicle suspension system 
design. They have been examined extensively in the past and elastic solutions have 
been developed for many geometries to predict their stiffness behaviour122. Similarly, 
for some of the more complex component geometries where the rubber does not 
undergo homogeneous deformations, it is often necessary for finite element analysis 
techniques to be used22,123. This work is concerned with a particular geometry 
whereby a bonded cylinder is subjected to combinations of torsion and tension. In the 
extreme case of a long cylinder, the inhomegenity introduced by the bond is 
insignificant.  
 
The prediction of the viscoelastic behaviour of rubber using FEA has been discussed 
by several researchers3,124. Bergstrom and Boyce1 have claimed that their model can 
predict the time-dependent dynamic behaviour as well as the stress relaxation 
behaviour. The model is also implemented in the ABAQUS FEA package. However, 
the Bergstrom and Boyce model has so far only been validated under uniaxial 
loading. Here, the Bergstrom and Boyce model is used to predict the viscoelastic 
behaviour under three different complex loadings: a pre-tension superimposed with 
an additional tension oscillation, a pre-tension superimposed with an additional 
torsion, and pre-tension superimposed with an additional shear oscillation. The 
results are discussed and the suitability of this mechanical model is evaluated for 
these typical loadings. 
 
7.1 Theory 
 
In a finite element analysis package the elasticity behaviour at large strains is defined 
by a strain energy function (SEF). In this work three different SEFs are adopted. The 
simplest being the Neo-Hookean SEF6 which is a linear function of 1I  only  
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)3( 110 −= ICW ,       Equation 7.1 
 
where I1 is given as first strain invariant, 
 
1I =
2
3
2
2
2
1 λλλ ++ ,       Equation 7.2 
 
where λi are the three principle stretch ratios and 1C  is a material constant. It has 
long been known for unfilled rubber materials under complex loading that this model 
is inadequate as it ignores the dependence of the SEF on the second strain invariant, 
I2 which for an incompressible material can be given as: 
 
2I 2
3
2
2
2
1
111
λλλ
++= .       Equation 7.3 
 
The Mooney SEF55 given in Equation 7.4 is the simplest model to involve both strain 
invariants 1I  and 2I , and it is given as: 
 
)3()3( 2211 −+−= ICICW .      Equation 7.4 
 
This equation assumes 2I/W ∂∂  is a constant, 2C . However the experiments of 
Rivlin and Saunders8 show this is not generally the case. In particular data fitted in 
one deformation mode such as tension can be very misleading when trying to predict 
deformations in different deformation such as compression. They found 2I/W ∂∂  
typically decreases with increasing 2I . Gent and Thomas
89,125
 developed a modified 
SEF to give the correct form for this dependence,  
 
)3ln()3( 2211 /IKIKW +−= ,      Equation 7.5 
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where 1K  and 2K are material parameters. 
 
As stated earlier when a cylinder is subjected to a combination of torsion 
superimposed on a fixed tension then the axial force is reduced. According to Rivlin 
and Saunders8,126, the axial force reduction ( rF ) is given for a Neo-Hookean SEF as:  
 
2 1
42
r /CrF ψ−= ,       Equation 7.6 
 
and the torque (M) relation is 
 
1
42 CrM ψ= ,       Equation 7.7 
 
where r is the radius of the cylinder and ψ  is the torsion defined as L/θ  and θ is the 
twist angle between the top and the bottom faces of the cylinder and L is the height of 
the cylinder.  
 
If the Mooney55 SEF is used then the axial force reduction and torque become 
 

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
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and 
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where λ  is now defined as the stretch ratio along the axis of the cylinder and 21 C,C  
are the Mooney SEF coefficients. The relationship between torque and axial load is 
actually independent of the form of the strain energy function8 and is given as: 
 






−
=
2
2
12
λ
λλψ
NrM
,       Equation 7.10 
 
where N is the axial load.  
 
In the present work, Abaqus is used as the finite element programme. It has a variety 
of standard hyperelastic constitutive material models available such as the Neo-
Hookean6 and the Mooney SEFs55. Initially, both were used to model a specific 
homogeneous strain in a defined cylinder for comparison with the elasticity solution 
of Rivlin8. In a finite element package like Abaqus, this can be tackled using either a 
full three dimensional model as well as using two dimensional axisymmetric model 
with asymmetric loading. In the second part of the chapter, the actual experimental 
results measured on bonded cylindrical mountings (with inhomogeneous 
deformations resulting from the bonding) are compared with the finite element 
analysis models using three different hyperelastic material models, namely the Neo-
Hookean, the Mooney and the Gent-Thomas model. The latter can be modelled using 
a user subroutine, UHYPER90. The FORTRAN subroutine for this is shown in 
Appendix 2. In the last part, the Bergstrom and Boyce model as defined in Chapter 
2.1.11 is used to predict the viscoelastic behaviour of an elastomer component under 
three different loading conditions. 
 
7.2 FEA Analytical, results and discussion 
 
Finite element modelling in this chapter can be separated into 3 sections. 
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1. The benchmark problems for FEA from combined tension-torsion behaviour of 
rubber. 
2. The comparison between experiment and FEA using three different constitutive 
models. 
3. The prediction of viscoelastic behaviour under complex loadings using the 
Bergstrom and Boyce model. 
 
7.2.1 The benchmark problems for FEA from combined 
torsion-tension behaviour of rubber 
 
The material types and the dimensionality are summarised in Table 3-6 in Chapter 3. 
A variety of different tension-torsion models with different parameters were 
evaluated. The method used to develop each model is also shown in Chapter 3. 
 
Both the 3D and 2D models were subjected to a pre-strain of 0%, 50%, 100%, 150% 
and then twisted up to 0.5 radians, the results are shown in Figure 7-1. The graph 
indicates that there is a slight difference between the 3D and 2D asymmetric models. 
This was due to mesh density effects as a higher mesh density was in the 2D model 
which will generate more accurate results120. 
 
Figure 7-2 shows that the predicted torque for both the Neo-Hookean SEF and 
Mooney SEF using the various material properties from Table 3-6 are in very good 
agreement with the analytical prediction of Rivlin and Saunders’ theory. The 
discrepancy between the two strain energy functions is more apparent for increasing 
pre-tensions. The results for axial force from Figure 7-3 are in good agreement with 
the theory for both the Mooney SEF and the Neo-Hookean SEF. However the graphs 
show a significant difference between the two SEFs at a small pre-strain but at higher 
pre-strain the relationships are almost equivalent. The torque and axial force 
reduction of both SEFs are different even though both materials have nominally the 
same shear modulus. This reflects the significance of the 2I/W ∂∂  term which only 
appears in Mooney SEF which is explained in more details in the next section. 
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Figure 7-1 Comparison of the torque versus pre-extension ratio for a twist of 0.5 
radians, for both the two and three dimensional models. 
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Figure 7-2 Comparison of the torque versus pre-extension ratio for a twist of 0.5 
radians, for both the Neo-Hookean and the Mooney SEFs modelled using FEA and 
compared to Rivlin and Saunders theory. 
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Figure 7-3 Comparison of the axial force reduction versus pre-extension ratio for a 
twist of 0.5 radians, for both the Neo-Hookean and the Mooney SEFs modelled using 
FEA and compared to Rivlin and Saunders theory. 
 
 
Figure 7-4 shows the reduction of axial load at different distances measured from the 
centre of the cylinder. The results show unexpectedly that the greatest reduction 
appears at the ratio of 0.6 and the smallest at the centre of the model. These results 
indicate the axial force reduction at different radii from a specific axial loading give 
different value of the axial force reduction. The next section compares experimental 
data with the results from modelling using three different constitutive models. 
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Figure 7-4 Comparison of the axial force at different ratio of the distance from the 
centre of the cylinder, r to the radius of the cylinder, R using the material parameter 
from model No.2 in Table 3-6.  
 
7.2.2 A comparison of the experimental and FEA results 
 
To compare the finite element analysis with measured data tested on actual bonded 
cylinders, three different strain energy functions were used namely the; Neo-
Hookean, Mooney and Thomas SEFs. All material parameters used in this work were 
calculated from the stress-strain curve of tensile tests using a rubber dumbbell test 
pieces as shown in Chapter 3. The material coefficients used in this study are shown 
in Table 3-7. In Abaqus, the Thomas SEF was not implemented as a standard strain 
energy function so it was necessary to use UHYPER subroutine (shown in Appendix 
2) is presented. The FEA schematic of the combined tension-torsion is shown in 
Figure 7-11. The models were deformed at axial deformations of 0%, 9.4%, and 
18.75% pre-strain and held at the given extension and then rotated to the maximum 
twist angle of 0.2 radians. 
 
FEA predictions for the torque as well as the axial force reduction are plotted for the 
Neo-Hookean SEF in Figure 7-5 and Figure 7-6, respectively. The axial force 
5 
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reduction predicted by the FEA is underestimated when compared to the 
experiments. For the torque, the prediction is the best at zero pre-strain. This simple 
SEF can model the simple geometric effects satisfactorily but ignoring the second 
strain invariant introduces errors in the prediction for the out of plane second order 
force reduction. This reflects Treolar’s observation6 that it was unsuitable for 
predicting the complex load case encountered here. 
 
FEA predictions for the torque as well as the axial force reduction are plotted for the 
Mooney SEF shown in Figure 7-7 and Figure 7-8, respectively. The results show a 
good agreement with the experimental data for the predicted and measured torque at 
all pre-extensions as well as for the axial force reduction for all twist angles. It is 
worth noting however this model is only twisted or stretched to relatively small 
strains and the resulting dependence of the strain over this limited range is only 
modest.  
 
FEA predictions for the torque as well as the axial force reduction are plotted for the 
Thomas SEF125 in Figure 7-9 and Figure 7-10, respectively. In both Figures there is 
excellent agreement between the predicted and calculated behaviour. It is clear that 
modelling the behaviour using a suitable strain energy function allows an accurate 
calculation of the torsion stiffness to be made, but more surprisingly the much 
smaller second order effects such as the axial force reduction can also be modelled 
accurately as well provided a suitable strain energy function is adopted. For the 
particular case here of only modest strains a simple Mooney SEF and Thomas SEF 
give a good agreement. The second strain invariant is important in this type of 
problem whereby a combination of loadings is considered. This discovery is of 
practical importance for a wide range of components and test pieces encountered in 
practice. 
 
 
CHAPTER 7        Investigation behaviour of rubber under the complex loading using FEA 
 186 
0
500
1000
1500
2000
2500
3000
3500
0 0.05 0.1 0.15 0.2 0.25
Twist angle,  / rad
T
o
rq
u
e 
/ N
*
m
m
Exp 0% pre-strain
Exp 9.4% pre-strain
Exp 18.75% pre-strain
Neo-Hookean 0% pre-strain
Neo-Hookean 9.4% pre-strain
Neo-Hookean 18.75% pre-strain
 
Figure 7-5 The torque versus twist angle predicted using FEA with a Neo-Hookean 
SEF plotted against the measured results for different pre-strains. 
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Figure 7-6 The axial force reduction versus twist angle predicted using FEA with a 
Neo-Hookean SEF plotted against the measured results for different pre-strains. 
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Figure 7-7 The torque versus twist angle predicted using FEA with a Mooney SEF 
plotted against the measured results for different pre-strains. 
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Figure 7-8 The axial force reduction versus twist angle predicted using FEA with a 
Mooney SEF plotted against the measured results for different pre-strains. 
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Figure 7-9 The torque versus twist angle predicted from FEA using a Thomas SEF 
plotted against the measured results for different pre-strains. 
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Figure 7-10 The axial force reduction versus twist angle predicted using FEA with a 
Thomas SEF plotted against the measured results for different pre-strains. 
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Figure 7-11 FEA schematic of combined tension-torsion model. 
 
 
7.2.3 The prediction of the viscoelastic behaviour of a 
bonded cylinder under complex loading 
 
Elastomeric materials have time-dependent behaviour, often resulting in significant 
hysteresis when subjected to cyclic loading. Elastomeric materials are also typically 
filled with various amounts of fillers such as carbon black. The overall stiffness, the 
time-dependence, and the amount of hysteresis are found to increase with increasing 
filler content. Numerous constitutive models focusing on different aspects of the 
elastomeric response have been developed by different investigators. Bergstrom and 
Boyce1-4 claimed that their models can successfully predict the rate-dependency and 
the hysteresis during cyclic loading of rubber materials. However, only uniaxial load 
cases have been validated so far. In this work the Bergstrom and Boyce model is 
used to predict the viscoelastic behaviour of rubber for pre-strains superimposed with 
three different small strain oscillation directions. The material parameters used and 
Unstrained 
Tension 
Twist 
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the FEA method are presented in Chapter 3. The determination of material constants 
is shown in Appendix 6.  All the models used the same material parameters. The 
results will be discussed and compared with the theory. 
 
The first model where the cylinder is pre-strained in tension and then a torsional 
oscillation is added is shown in Figure 7-12. The torque is plotted against the twisted 
angle shown in Figure 7-13. The results show that firstly, the torsional stiffness 
decreases with increasing pre-strain which is accordance with the theory of Rivlin 
and Saunders8. Secondly, the hysteresis area under loading and unloading loop also 
decreases with increasing pre-strains. On the other hand, if the data are re-plotted 
against 31 λ/  as shown Figure 7-14  and compared to the experimental result where 
the loss energy per cycle is proportional with 31 λ/ , it is clear that this is different 
from FEA predictions as shown in Figure 7-14. Moreover, if we compare the "G  
from Figure 7-21 and "G  from experimental results in Figure 4-8 in Chapter 4, the 
results show that the trend of "G  from both graphs are different. The graph derived 
using the FEA decreases with increasing pre-strain but the experiment shows that the 
"G  is stable at extension ratios lower than 2. This shows the Bergstrom and Boyce 
model is not a suitable model to predict the viscoelastic behaviour for a pre-strained 
sample superimposed with a torsion oscillation. 
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Figure 7-12 Pre-strain superimposed with torsion oscillation schematic model. 
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Figure 7-13 Moment against the angle at different pre-strains. 
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Figure 7-14 Comparison between FEA and theory of the loss energy per cycle 
against 3/1 λ . 
 
The second model used is where the pre-strain is superimposed with an additional 
tension oscillation. The schematic model is shown in Figure 7-15. The rubber 
cylindrical model was also applied pre-strain at 0%, 13.3%, 26.7%, 40%, and 53.3% 
and then an additional tensile oscillation of 1.33% strain amplitude or 1 mm 
displacement amplitude. The tensile loading-unloading is plotted with the 
displacement amplitude for different pre-strains as shown in Figure 7-16. The results 
show that the tensile stiffness decreases with pre-strains and permanent set is 
significant at larger pre-strain which is clearly overstated by the model. The loss 
factor which is calculated directly from the hysteresis area is seen to increase with 
the pre-strain as shown in Figure 7-20. Figure 7-19 shows how the storage modulus 
( 'G ) varies with pre-strain and Figure 7-21 shows the dependence of loss modulus 
( "G ) with pre-strain. The model indicates that 'G  decreases with pre-strains which 
contradicts with earlier work20,22 which show that 'G  increases slightly with pre-
strain and increases more sharply in filled rubber.  
 
Theory (Based on Equation 4.12) 
FEA 
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Figure 7-15 Pre-strain superimposed with additional tension oscillation schematic 
model. 
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Figure 7-16 Tension force against the tension displacement amplitude at different 
pre-strains. 
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The last model presents a case where the tensile pre-strain has an additional simple 
shear oscillation model applied as shown in Figure 7-17. The shear force is plotted 
against shear strain. The strains are small so the hysteresis loop is also small. The 
loss factor, storage modulus, and shear modulus are determined from Figure 7-18. 
The result shows that the shear stiffness increases with the pre-strain which is in 
agreement with the results by Pond and Thomas127. Their results indicate that the 
shear stiffness decreases with compressive force. That means the shear stiffness 
should increase with a tensile force. Figure 7-21 shows how the loss modulus varies 
with a pre-strain. For the tension-shear model the loss modulus increases slightly 
with pre-strain which is accordance with theory in Chapter 5. However, when we 
compare "G  from the three model types, it is seen that they show significant 
differences between three data sets. The highest value is shown in tension-tension 
model following by tension-torsion, and tension-shear respectively. These results 
conflict with our previous experiment data which in general show that "G  is 
isotropic. It does not matter which experiments "G  comes from, as long as they are 
conducted in broadly similar loading where the strain amplitude is small and the 
frequency is set experimentally, they give the same values over the entire working 
strain range. 
 
The results and discussion above indicate that viscoelastic behaviour models using 
the Bergstrom and Boyce model cannot predict the behaviour of a rubber under 
complex loading. This is suggested that the model does not base its predictions 
referred to the deformed dimensions after the application of the pre-strain.  
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Figure 7-17 Pre-strain superimposed with simple shear oscillation schematic model. 
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Figure 7-18 Shear force against shear displacement at different pre-strains. 
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Figure 7-19 Comparison 'G  calculated from FEA for three different loading 
directions under the different pre-extension ratios. 
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Figure 7-20 Comparison loss factor calculated from FEA for three different loading 
directions under the different pre-extension ratios. 
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Figure 7-21 Comparison "G  calculated from FEA for three different loading 
directions under the different pre-extension ratios. 
 
7.3 Conclusions 
 
The classic equation of Rivlin and Saunders8 has been used to predict the combined 
torsion-tension test of rubber components as a benchmark problem to assess the 
accuracy and build the confidence in the commercial FEA package (ABAQUS). The 
accuracy of the results depends upon the dimensionality (3D and 2D axisymmetric 
models) and the strain energy function used to describe the rubber.  
 
Two interesting phenomena are observed with this test set up. Firstly, the length of 
the cylinder increases as a torque is applied and secondly there is a reduction in the 
torsion moment resulting from the application of an axial strain. Both can be 
calculated using Abaqus FEA using a two dimensional axisymmetric model with 
asymmetric loading. For the homogeneous case excellent agreement is achieved 
when the Rivlin’ s theory is compared to simple FEA model results. This case is a 
particularly demanding one as the reduction in axial force with twist is a second 
order function of the twist angle as shown in Equations 7.6 and 7.8. A second 
comparison between suitable FEA models and experimentally measured data also 
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gives excellent agreement once a suitable strain energy function is used. For an 
unfilled rubber such as that used here a 2I/W ∂∂  term is required to make a good 
prediction of the general behaviour. In this case where the strains are modest even the 
simple Mooney SEF gives a good prediction. However, at larger strains the Gent-
Thomas SEF is even more reliable. This validation of the elastic solution for general 
strains in combined torsion and tension is useful as it validates the approach used 
elsewhere94 to measure the development of anisotropic behaviour in the viscoelastic 
properties for a rod subjected to an axial pre-strain with small oscillations 
superimposed in different loading directions.  
 
The prediction of viscoelastic behaviour using Bergstrom and Boyce model shows 
that it is incapable of predicting the behaviour of rubber under a complex loading. 
The results indicate that significant differences occur between results measured 
experimentally and derived using FEA. Chapters 4, 5 and 6 show that the loss 
modulus ( "G ) is isotropic and stable at the engineering strain (50%) but the FEA 
model did not give a good agreement. The next objective for this work would be to 
find a simple way of modelling this geometric dependence of the loss modulus using 
FEA. 
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CHAPTER 8: Summary and Future work 
 
8.1 Summary 
 
This thesis has investigated with viscoelastic behaviour of elastomers under a pre-
strain. This behaviour can be represented as the dynamic loss modulus G′′, the loss 
factor and the energy dissipation. These properties have been measured for a very 
wide variety of elastomers using a wide range of tests. In this thesis a number of 
interesting techniques have been developed to help explain the effects of pre-strains 
on the viscoelastic behaviour, including the effect of different filler type and 
concentrations. There are three key experimental techniques used in this work:  
 
• A static tensile pre-strain superimposed with a small additional free tension 
oscillation 
• A static tensile pre-strain superimposed with a small free or force torsional 
oscillation 
• A static pre-strain in pure shear superimposed with a small simple shear 
oscillation 
 
The first two experimental techniques are developed from the methods described by 
previous researchers20,22,41,87,88,128. The latter is the new technique developed as part 
of this work. The purpose being to investigate the viscoelastic behaviour of rubber 
under different geometry shape and oscillation direction from first two techniques. 
 
Since Finite Element analysis (FEA) is successfully used to predict the elastic 
behaviour of elastomer, it was also used in this thesis to investigate the viscoelastic 
behaviour of rubber under a complex loading. 
 
Kuhn and Kunzel5 found that the loss factor measured from torsion oscillation 
decreased with the pre-strain. They explained this behaviour in terms of the lowering 
of the internal viscosity with strain. However, this work shows over a range of pre-
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strains equivalent to extension ratios of 1.0 to 2.0, for unfilled rubber both NR and 
SBR that the loss factor decreases with the pre-strains due to geometric changes 
alone. This can be proved by plotting the energy dissipation as a function of pre-
strain and the relationship is seen to be linear. Moreover, it has been found that the 
loss modulus, G″ calculated in terms of the pre-strained dimensions, is approximately 
constant with pre-strain up to an extension ratio of about 2 for both unfilled SBR and 
NR compounds. A comparison of the small oscillations in tension and torsion on pre-
strained samples also show that the pre-strain does not induce any significant 
anisotropy in the loss modulus, with the results giving very similar values of G″ 
tested in both directions. However, for unfilled silicone rubber the loss modulus is 
slightly dependent upon the pre-strains at an extension ratio less than 2. This 
probably results from the molecular type and crosslink density of silicone being 
different from NR and SBR, and this could effect the number of monomer units and 
entanglements. From this work we can say when the loss modulus will be 
independent from pre-strain. There are many effects which can control the properties 
such as types of rubber, test amplitude, test frequency, test temperature as well as the 
cross link density of the material. 
 
This work has been extended to the pre-extension ratio above 2. The loss modulus of 
unfilled NR and SBR slightly increases after the extension ratio of 3. It is thought 
that on the molecular orientation of the monomer units is constrained in the polymer 
chain and that changing the entanglement state might have an effect on the 
viscoelastic behaviour at a large extension.  
 
The effect of a filler such as carbon black and fumed silica on the viscoelastic 
behaviour was also examined. The loss modulus for filled rubbers is seen to depend 
to a large extent on the pre-strain especially at larger pre-strains and with the most 
highly filled rubbers still over the working pre-strain range, the viscoelastic 
properties expressed as a single value of "G  give a reasonable prediction of the 
behaviour for all the carbon black filled component. For rubber filled with fumed 
silica, it has been known that silica shows lower polymer-filler interaction and tends 
to agglomerate, forming a filler network in the compound. Therefore, coupling 
agents are introduced in practice to improve the performance of rubber compound. 
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The results showed that coupling agent has a significant effect on the loss modulus. 
Increasing the content of coupling agent reduces the value of "G  and influences the 
loss modulus dependence with the pre-strain at a lower pre-strain. 
 
The loss modulus of filled rubbers is seen to depend to a larger extent on the pre-
strain especially at large pre-strains and with the most highly filled rubbers. This is 
thought to arise from strain amplification effects and the molecular slippage over the 
carbon black surface. The anisotropy suggests that the frictional sliding at the filler 
boundaries depends upon the direction of the stress field around the filler. However, 
for the entire working strain range the behaviour is remarkably independent of the 
pre-strain. The anisotropy found of larger pre-strains with the filled rubber suggests 
that the frictional sliding at the filler boundaries depends upon the direction of the 
stress field around the filler.  
 
Another possible reason is proposed by Fukahori68. He suggested an alternative idea 
whereby the large hysteresis occurs from the sliding of the orientated molecules 
stretched out between adjacent carbon black particles. This interconnecting 
continuous rubber phase is known as the super network. The network consists of 
lightly cross linked molecules connected between each filler particles. When rubber 
is subjected to a pre-strain, the deformation between each particle will be up to ten 
times greater than in the rubber matrix. Therefore, it can dissipate more energy when 
subjected to a large strain. Also it dissipates more energy in the direction of the pre-
strain. This might explain why "G  from tension-tension is larger than tension-torsion 
at a large pre-strain. 
 
To confirm our assumption that "G  is independent from the pre-strain at the range of 
engineering strain. Another complex loading was conducted which was the static 
pure shear superimposed with simple shear oscillation. The results showed that "G  is 
independent from the pre-strain up to the extension ratio of 2 for unfilled SBR. Also, 
comparing with other test modes, it again confirmed that "G  is isotropic, giving 
results very similar to the tension-tension and tension-torsion tests at the same pre-
strain for both unfilled and filled rubber.  
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The most useful finding of this work which might have potential applications in 
engineering design where the working extensions are typically below 2, is that the 
viscoelastic behaviour is independent of the extent of the pre-strain and the energy 
dissipation should be easy to calculate from a simple characterisation of the loss 
modulus. 
 
This thesis also examines the prediction of the elastic and viscoelastic behaviour of 
rubber under complex loading using FEA. For an elastic model, the work 
concentrated in rubber cylinder under tension-torsion. The appropriate strain energy 
functions were observed and compared with the experimental results. Mooney and 
Thomas SEF showed very good agreement results both torque and the second order 
effect which was the axial force comparing with experimental data. This confirmed 
that the term of 2I/W ∂∂ was required in the strain energy function to describe this 
type of loading. At large strains the Gent-Thomas SEF is more reliable because of its 
more reliable dependence of 2I/W ∂∂  with strain6,89. 
 
For viscoelastic model, the Bergstrom and Boyce model was evaluated to predict the 
viscoelastic behaviour under three different complex loadings: pre-tension 
superimposed tension oscillation, pre-tension superimposed with torsion, and pre-
tension superimposed with shear oscillation. The results show that this model cannot 
capture the viscoelastic behaviour under the complex loading and a different 
approach is still required. 
 
8.2 Future work 
 
In this thesis, we found that we can predict energy loss per unit volume under the 
pre-strain. This is very useful for the engineering applications which are subjected 
pre-compression or pre-tension and then superimposed with small oscillation. 
However, only the simple test piece geometries were observed, therefore the work 
which should be pursued in the future is applying the theory to real rubber 
applications such as rubber bearings or to tyres. Also the present investigation 
indicated that "G  is independent on pre-strain and isotropic whatever the loading 
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directions are. It is very useful for an engineer to be able to design devices without 
worrying about the variation of "G  with pre-strain. However, temperature is a major 
factor which can influence the properties of rubber with some applications having a 
very high service temperature. Therefore, the next stage would be to examine the 
effect of temperature. 
 
This work also developed a new approach to examine the effect of filler 
reinforcement in filled rubber. The loss factor measured from the small oscillation of 
the filled rubber should be the same as an unfilled rubber if it is presumed that no 
slippage occurs at small oscillations. However, this work shows that the loss factor is 
not the same for the unfilled and filled rubber. There are clearly additional 
dissipation mechanisms taking place. Our free vibration technique should be able to 
allow this behaviour to be examined at very small strain oscillations. It is possible 
therefore to investigate filler reinforcement using this approach. 
 
It is proposed in this work that the Bergstrom and Boyce model is not appropriate to 
predict the viscoelastic behaviour of rubber under complex loading. To be of 
practical use, it is now necessary for our simple approach: that the viscoelastic 
behaviour can be modelled using a simple single value for the loss modulus, is 
incorporated into a finite element framework. The simple tests we have undertaken 
should be modelled and a simple user subroutine developed. Once done this can be 
incorporated as part of the standard solution set in Abaqus to help model viscoelastic 
dissipation in general. 
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Appendix 1: The input file of torsion-tension 
model 
 
The dimension of the cylindrical model is 52 mm in diameter and 32 mm in height. 
The boundary condition is that the model was stretched until 6 mm and then twisted 
by 0.2 rad. 
 
*Heading 
** Job name: d52and32h3mmpul02rad Model name: Model-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** 
** PARTS 
** 
*Part, name=Part-1 
*End Part 
**   
** 
** ASSEMBLY 
** 
*Assembly, name=Assembly 
**   
*Instance, name=Part-1-1, part=Part-1 
*Node 
      1,           0.,          30. 
      2,          26.,          30. 
      3,          26.,          32. 
      4,           0.,          32. 
      5,          26.,           2. 
 . 
 . 
 . 
     62,    17.333334,    25.333334 
     63,    21.666666,    25.333334 
*Element, type=CGAX4R 
1,  1,  9, 18,  4 
2,  9, 10, 17, 18 
3, 10, 11, 16, 17 
4, 11, 12, 15, 16 
5, 12, 13, 14, 15 
. 
. 
. 
47, 62, 63, 13, 12 
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48, 63, 33,  2, 13 
*Nset, nset=_PickedSet3, internal 
  1,  2,  5,  6,  9, 10, 11, 12, 13, 19, 20, 21, 22, 23, 29, 30 
 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46 
 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62 
 63, 
*Elset, elset=_PickedSet3, internal, generate 
 13,  48,   1 
*Nset, nset=_PickedSet4, internal, generate 
  1,  28,   1 
*Elset, elset=_PickedSet4, internal, generate 
  1,  12,   1 
** Region: (steel:Picked) 
*Elset, elset=_PickedSet4, internal, generate 
  1,  12,   1 
** Section: steel 
*Solid Section, elset=_PickedSet4, material=steel 
1., 
** Region: (rubber:Picked) 
*Elset, elset=_PickedSet3, internal, generate 
 13,  48,   1 
** Section: rubber 
*Solid Section, elset=_PickedSet3, material=rubber 
1., 
*End Instance 
**   
*Nset, nset=_PickedSet5, internal, instance=Part-1-1 
  7,  8, 24, 25, 26, 27, 28 
*Elset, elset=_PickedSet5, internal, instance=Part-1-1, generate 
  7,  12,   1 
*Nset, nset=_PickedSet6, internal, instance=Part-1-1 
  3,  4, 14, 15, 16, 17, 18 
*Elset, elset=_PickedSet6, internal, instance=Part-1-1, generate 
 1,  6,  1 
*Nset, nset=_PickedSet7, internal, instance=Part-1-1 
  3,  4, 14, 15, 16, 17, 18 
*Elset, elset=_PickedSet7, internal, instance=Part-1-1, generate 
 1,  6,  1 
*Nset, nset=Set-1, instance=Part-1-1 
  3,  4, 14, 15, 16, 17, 18 
*Elset, elset=Set-1, instance=Part-1-1, generate 
 1,  6,  1 
*End Assembly 
**  
** MATERIALS 
**  
*Material, name=rubber 
*Hyperelastic, mooney-rivlin 
 0.174, 0.102,    0. 
*Material, name=steel 
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*Elastic 
200000., 0.33 
** BOUNDARY CONDITIONS 
**  
** Name: BC-1 Type: Symmetry/Antisymmetry/Encastre 
*Boundary 
_PickedSet5, ENCASTRE 
** ---------------------------------------------------------------- 
**  
** STEP: Step-1 (tension) 
**  
*Step, name=Step-1, nlgeom=YES 
*Static 
1., 10., 0.0001, 1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: pull Type: Displacement/Rotation 
*Boundary 
_PickedSet6, 1, 1 
_PickedSet6, 2, 2, 6. 
_PickedSet6, 6, 6 
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=Set-1 
RF2, RM2, U2, UR2 
*End Step 
** ---------------------------------------------------------------- 
**  
** STEP: Step-2 (torsion) 
**  
*Step, name=Step-2, nlgeom=YES 
*Static 
1., 10., 0.0001, 1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: twist Type: Displacement/Rotation 
*Boundary 
_PickedSet7, 5, 5, 0.2 
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**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=Set-1 
RF2, RM2, U2, UR2 
*End Step 
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Appendix 2: Uhyper subroutine of Gent-
Thomas strain energy function 
 
SUBROUTINE UHYPER(BI1,BI2,AJ,U,UI1,UI2,UI3,TEMP,NOEL,CMNAME, 
INCMPFLAG, NUMSTATEV,STATEV,NUMFIELDV,FIELDV,FIELDVINC, 
NUMPROPS, PROPS) 
C 
      INCLUDE 'ABA_PARAM.INC' 
C 
      CHARACTER*80 CMNAME 
      DIMENSION UI1(3),UI2(6),UI3(6),STATEV(*),FIELDV(*),FIELDVINC(*), 
PROPS(*) 
C 
      PARAMETER (ZERO=0.0D0,ONE=1.0D0, TWO=2.0D0, THREE=3.0D0) 
C       
      C10 = 0.22 
      C01 = 0.218 
C 
      U=C10*(BI1-THREE)+C01*log(BI2/THREE) 
      UI1(1)=C10 
      UI1(2)=THREE*C01/BI2 
      UI1(3)=ZERO     
      UI2(1)=ZERO 
      UI2(2)=-THREE*C01/(BI2**2) 
      UI2(3)=ZERO 
      UI2(4)=ZERO 
      UI2(5)=ZERO 
      UI2(6)=ZERO 
      UI3(1)=ZERO 
      UI3(2)=ZERO 
      UI3(3)=ZERO 
      UI3(4)=ZERO 
      UI3(5)=ZERO 
      UI3(6)=ZERO 
      RETURN 
      END 
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Appendix 3: The input file of Bergstrom-Boyce 
model: I 
Pre-tension superimposed with simple shear oscillation 
 
*Heading 
** Job name: 0mmshear Model name: Model-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** 
** PARTS 
** 
*Part, name=Part-1 
*End Part 
**   
** 
** ASSEMBLY 
** 
*Assembly, name=Assembly 
**   
*Instance, name=Part-1-1, part=Part-1 
*Node 
      1,   5.39113379,  -2.85406327,           0. 
      2,   6.07296085, -0.573713183,           0. 
      3,   5.83023453,   1.79397964,           0. 
      4,   4.69990826,   3.88855529,           0. 
      . 
      . 
      . 
   1831, -0.480383247,  -2.91844273,          75. 
   1832, 0.0785930157,   1.12156916,          75. 
   1833,  0.648034453,   2.01185465,          75. 
*Element, type=C3D8H 
   1,   78,   61,   60,   66,   31,   14,   13,   19 
   2,   64,   62,   61,   78,   17,   15,   14,   31 
   3,   66,   60,   59,   79,   19,   13,   12,   32 
   4,   64,   78,   66,   92,   17,   31,   19,   45 
    . 
    . 
    . 
1442, 1827, 1828, 1830, 1808, 1780, 1781, 1783, 1761 
1443, 1832, 1808, 1830, 1833, 1785, 1761, 1783, 1786 
1444, 1810, 1832, 1833, 1809, 1763, 1785, 1786, 1762 
*Nset, nset=_PickedSet2, internal, generate 
    1,  1833,     1 
*Elset, elset=_PickedSet2, internal, generate 
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    1,  1444,     1 
** Section: Section-1 
*Solid Section, elset=_PickedSet2, material=rubber 
1., 
*End Instance 
**   
*Nset, nset=Set-2, instance=Part-1-1, generate 
  1,  47,   1 
*Elset, elset=Set-2, instance=Part-1-1, generate 
  1,  38,   1 
*Nset, nset=_PickedSet19, internal, instance=Part-1-1, generate 
  1,  47,   1 
*Elset, elset=_PickedSet19, internal, instance=Part-1-1, generate 
  1,  38,   1 
*Nset, nset=_PickedSet20, internal, instance=Part-1-1, generate 
  1,  47,   1 
*Elset, elset=_PickedSet20, internal, instance=Part-1-1, generate 
  1,  38,   1 
*Nset, nset=_PickedSet21, internal, instance=Part-1-1, generate 
 1787,  1833,     1 
*Elset, elset=_PickedSet21, internal, instance=Part-1-1, generate 
 1407,  1444,     1 
*End Assembly 
*Amplitude, name=Amp-1 
0., 0., 250., 5., 500., 0. 
*Amplitude, name=pull 
0., 0., 250., 1., 500., 0. 
**  
** MATERIALS 
**  
*Material, name=rubber 
*Hyperelastic, neo hooke, moduli=LONG TERM 
 0.32,0. 
*Hysteresis 
 0.24,115.,  4., -1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: fix Type: Symmetry/Antisymmetry/Encastre 
*Boundary 
_PickedSet21, ENCASTRE 
** ---------------------------------------------------------------- 
**  
** STEP: pull 
**  
*Step, name=pull, nlgeom=YES 
*Static 
1., 100., 0.001, 1. 
**  
** BOUNDARY CONDITIONS 
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**  
** Name: BC-2 Type: Displacement/Rotation 
*Boundary 
_PickedSet19, 3, 3 
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=Set-2 
RF1, RF2, U1, U2 
*End Step 
** ---------------------------------------------------------------- 
**  
** STEP: shear 
**  
*Step, name=shear, nlgeom=YES, inc=500 
*Static 
1., 500., 0.001, 1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-3 Type: Displacement/Rotation 
*Boundary, amplitude=Amp-1 
_PickedSet20, 1, 1, 1. 
_PickedSet20, 2, 2 
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=Set-2 
RF1, RF2, U1, U2 
*End Step 
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Appendix 4: The input file of Bergstrom-Boyce 
model: II 
Pre-tension superimposed with torsion oscillation 
 
*Heading 
** Job name: 0mmtorsion Model name: Model-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** 
** PARTS 
** 
*Part, name=Part-1 
*End Part 
**   
** 
** ASSEMBLY 
** 
*Assembly, name=Assembly 
**   
*Instance, name=Part-1-1, part=Part-1 
*Node 
      1,    6.0999999,          75. 
      2,   4.88000011,          75. 
      3,   3.66000009,          75. 
      . 
      .       
      .  
    124,   2.44000006,           0. 
    125,   1.22000003,           0. 
    126,           0.,           0. 
*Element, type=CGAX4RH 
  1,   1,   2,   8,   7 
  2,   2,   3,   9,   8 
  3,   3,   4,  10,   9 
   . 
   . 
   . 
97, 116, 117, 123, 122 
 98, 117, 118, 124, 123 
 99, 118, 119, 125, 124 
100, 119, 120, 126, 125 
*Nset, nset=_PickedSet2, internal, generate 
   1,  126,    1 
*Elset, elset=_PickedSet2, internal, generate 
  1, 100,   1 
** Section: Section-1 
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*Solid Section, elset=_PickedSet2, material=rubber 
1., 
*End Instance 
**   
*Nset, nset=_PickedSet4, internal, instance=Part-1-1, generate 
 121,  126,    1 
*Elset, elset=_PickedSet4, internal, instance=Part-1-1, generate 
 96, 100,   1 
*Nset, nset=_PickedSet5, internal, instance=Part-1-1, generate 
 1,  6,  1 
*Elset, elset=_PickedSet5, internal, instance=Part-1-1, generate 
 1,  5,  1 
*Nset, nset=_PickedSet6, internal, instance=Part-1-1, generate 
 1,  6,  1 
*Elset, elset=_PickedSet6, internal, instance=Part-1-1, generate 
 1,  5,  1 
*Nset, nset=top, instance=Part-1-1, generate 
 1,  6,  1 
*Elset, elset=top, instance=Part-1-1, generate 
 1,  5,  1 
*End Assembly 
*Amplitude, name=Amp-1 
0., 0., 250., 1., 500., 0. 
**  
** MATERIALS 
**  
*Material, name=rubber 
*Hyperelastic, neo hooke, moduli=LONG TERM 
 0.32,0. 
*Hysteresis 
 0.24,115.,  4., -1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: fix Type: Symmetry/Antisymmetry/Encastre 
*Boundary 
_PickedSet4, ENCASTRE 
** ---------------------------------------------------------------- 
**  
** STEP: pull 
**  
*Step, name=pull, nlgeom=YES 
*Static 
1., 100., 0.001, 1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-2 Type: Displacement/Rotation 
*Boundary 
_PickedSet5, 2, 2 
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**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=top 
RF2, RM2, RM3, U2, UR2, UR3 
*End Step 
** ---------------------------------------------------------------- 
**  
** STEP: twist 
**  
*Step, name=twist, nlgeom=YES, inc=1000 
*Static 
1., 500., 0.005, 1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-3 Type: Displacement/Rotation 
*Boundary, amplitude=Amp-1 
_PickedSet6, 5, 5, 1. 
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=top 
RF2, RM2, RM3, U2, UR2, UR3 
*End Step 
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Appendix 5: The input file of Bergstrom-Boyce 
model III 
Pre-tension superimposed with tension oscillation 
 
*Heading 
** Job name: 0mmtorsion Model name: Model-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** 
** PARTS 
** 
*Part, name=Part-1 
*End Part 
**   
** 
** ASSEMBLY 
** 
*Assembly, name=Assembly 
**   
*Instance, name=Part-1-1, part=Part-1 
*Node 
      1,    6.0999999,          75. 
      2,   4.88000011,          75. 
      3,   3.66000009,          75. 
      . 
      . 
      . 
    124,   2.44000006,           0. 
    125,   1.22000003,           0. 
    126,           0.,           0. 
*Element, type=CGAX4RH 
  1,   1,   2,   8,   7 
  2,   2,   3,   9,   8 
  3,   3,   4,  10,   9 
  . 
  . 
  . 
 97, 116, 117, 123, 122 
 98, 117, 118, 124, 123 
 99, 118, 119, 125, 124 
100, 119, 120, 126, 125 
*Nset, nset=_PickedSet2, internal, generate 
   1,  126,    1 
*Elset, elset=_PickedSet2, internal, generate 
  1, 100,   1 
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** Section: Section-1 
*Solid Section, elset=_PickedSet2, material=rubber 
1., 
*End Instance 
**   
*Nset, nset=_PickedSet4, internal, instance=Part-1-1, generate 
 121,  126,    1 
*Elset, elset=_PickedSet4, internal, instance=Part-1-1, generate 
 96, 100,   1 
*Nset, nset=_PickedSet5, internal, instance=Part-1-1, generate 
 1,  6,  1 
*Elset, elset=_PickedSet5, internal, instance=Part-1-1, generate 
 1,  5,  1 
*Nset, nset=_PickedSet6, internal, instance=Part-1-1, generate 
 1,  6,  1 
*Elset, elset=_PickedSet6, internal, instance=Part-1-1, generate 
 1,  5,  1 
*Nset, nset=top, instance=Part-1-1, generate 
 1,  6,  1 
*Elset, elset=top, instance=Part-1-1, generate 
 1,  5,  1 
*End Assembly 
*Amplitude, name=Amp-1 
0., 0., 250., 1., 500., 0. 
**  
** MATERIALS 
**  
*Material, name=rubber 
*Hyperelastic, neo hooke, moduli=LONG TERM 
 0.32,0. 
*Hysteresis 
 0.24,115.,  4., -1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: fix Type: Symmetry/Antisymmetry/Encastre 
*Boundary 
_PickedSet4, ENCASTRE 
** ---------------------------------------------------------------- 
**  
** STEP: pull 
**  
*Step, name=pull, nlgeom=YES 
*Static 
1., 100., 0.001, 1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-2 Type: Displacement/Rotation 
*Boundary 
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_PickedSet5, 2, 2 
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=top 
RF2, RM2, RM3, U2, UR2, UR3 
*End Step 
** ---------------------------------------------------------------- 
**  
** STEP: twist 
**  
*Step, name=twist, nlgeom=YES, inc=1000 
*Static 
1., 500., 0.005, 1. 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-3 Type: Displacement/Rotation 
*Boundary, amplitude=Amp-1 
_PickedSet6, 5, 5, 1. 
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history 
*Node Output, nset=top 
RF2, RM2, RM3, U2, UR2, UR3 
*End Step 
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Appendix 6: Determination of material constant 
in Bergstrom and Boyce model1,91 
To predict time-dependent behaviour using Bergstrom and Boyce during loading and 
unloading in FEA, there are 6 material constants required; SmCC ,,,,, 21BA µµ . In 
this thesis, the material constants were calculated using uniaxial compression 
experiment. The cylindrical specimen shapes were used with diameter of 25 mm and 
15 mm in height. Bergstrom and Boyce1 noted that different types of elastomer 
showed the different in material constants. The method used to determine the 
material constants in this thesis is shown for filled rubber, SBR70. For SBR0, the 
material constants are calculated using the same method.  
 
The first step in the procedure was to determine the equilibrium behaviour at very 
slow strain rate1. For this study the strain rate was 0.0005 1/s. From loading and 
unloading curve, we can estimate the equilibrium line by drawing the line between 
the two curves shown in the Figure AP6.1. The next step was to pick up a point on 
the equilibrium curve and calculate the initial shear modulus Aµ  given as, 
 
13e
ee
A
−
=
λ
λµ T
 ,                     Equation AP6.1 
 
where  ee ln λε = . 
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Figure AP6.1, Estimate the equilibrium line of SBR70 at strain rate of 0.0005 1/s. A 
point on the equilibrium line was selected which is 4.0,852.1 ee −=−= εT giving 
Aµ =1.78 MPa. 
 
The next step was to determine the material constants for the time-dependent 
network. It is helpful to separate out the response of the time-dependent network by 
subtracting the equilibrium response from the total stress giving the curve as shown 
in Figure AP6.2. The shear modulus in network B can then be approximated from 
 
1)( 3
B
B
−∆
∆∆
= λ
λµ T .       Equation AP6.2 
 
Now, we can determine material constants BA , µµ  so the material constant S can be 
calculated as 
 
A
B
µ
µ
=S .        Equation AP6.3 
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Figure AP6.2, True stress in network B versus true strain, 051.0−=∆ε  and 
478.0B −=∆T  MPa giving 18.3B =µ MPa for SBR70. 
 
The next three constants to be determined are: mCC ,, 21  which were determined by 
measuring the true stress versus true strain behaviour at different strain rates. Strain 
rates of 0.001 1/s and 0.01 1/s were used to calculate these material constants. The 
total true stress was subtracted by equilibrium curve given in Figure AP6.3. Then the 
curve between BT  as function of time at both strain rates of 0.001 and 0.01 1/s were 
plotted as shown in Figures AP.4 and AP6.5. The true stress in network B was now 
known, it was straightforward to invert the Neo-Hookean relationship6 and obtain 
)(B teε  and then the true strain in the viscous part of network B )(B tvε  can be 
calculated by subtracting )(B teε  from the )(tε  giving the data in Figures AP6.6 and 
AP6.7. 
 
From Figure AP6.4, one value of true stress in network B ( )( 2sB tT ) at strain rate of 
0.001 1/s was chosen. The true stress value at -0.3 MPa was chosen at the time 505 s 
defined as 2st . The next step was to choose the same value of the true stress in 
network B, -0.3 MPa, at strain rate of 0.01 1/s graph defined as )( 2fB tT . The time 
( )t2f  value in this true stress value ( )( 2fB tT ) was equal to 21 s. Then used values 
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,2ft 2st determine the inelastic strain in network B ( vv 2f2s ,εε ) as shown in Figure 
AP6.6 for the slow strain rate and Figure AP6.7 for the fast strain rate. 
          
 
Figure AP6.3, Total true stress versus true strain of SBR70 at different strain rates. 
The equilibrium line was estimated between two graphs. 
 
Figure AP6.4, True stress in network B at strain rate of 0.001 1/s as function of time 
for SBR70. 
 
s2t  1st  
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Figure AP6.5, True stress in network B at strain rate of 0.01 1/s as function of time, 
SBR70. 
 
Next, a point on the graph in Figure AP6.6 was selected. The inelastic strain in 
network B ( )s1 vε  at stain rate of 0.001/s was selected as -0.1 at the time 147 s defined 
as ( )s1t . Similarly, the inelastic strain in network B ( )1f vε  at stain rate 0.01/s was also 
selected at -0.1 which give the time ( )f1t at 16 s as shown in Figure AP6.7. Next, the 
times at f1s1 , tt  were used to find the true stress in network B using Figures AP6.4, 
AP6.5 and then obtain )(),( s1Bf1B tTtT . 
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Figure AP6.6, Inelastic strain in network B at strain rate of 0.001 1/s as function of 
time for SBR70. 
 
Figure AP6.7, Inelastic strain in network B at strain rate of 0.01 1/s as function of 
time for SBR70. 
 
The constants mCC ,, 21  are given by1 
 
1)])(1)/()(ln[(
)]()(ln[
2s2f
s2f2
2
−−
=
••
tt
t/tC
vv
vv
 ,    Equation AP6.4 
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)]()/(ln[
)]()/(ln[
1sB1fB
1s1f
tTtT
tt
m
vv
••
=       Equation AP6.5 
where 
•
vε is the strain rate. 
 
))((|)((|}1)({
)(
1sB1sB1s
1s
1
2 tTsigntTt
tC
mCv
v
−
=
•
λ
ε
     Equation AP6.6 
 
where 
 
3
/2)( 2 vvv λλλ += , and             Equation AP6.7 
 
vv λε ln= .        Equation AP6.8 
 
The example above is shown for SBR70, because SBR70 shows a large hysteresis 
area which is easier to a reader to understand the method. In this thesis, SBR0 is 
used. However, the calculation is similar to SBR70 and the derived values are given 
as: 64.0A =µ MPa, 15.0B =µ MPa, 24.0=S , 1151 =C , 238.02 −=C , and 4=m . 
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Visco-elastic behaviour of rubber in a combined torsion-
tension test 
N. Suphadon, A.G. Thomas & J.J.C. Busfield 
Department of Materials, Queen Mary, University of London, London E1 4NS, UK 
 
Abstract 
If a rubber rod is subjected to a simple extension of extension ratio λ  and then either 
twisted or excited by small strain oscillations in the direction of the pre-extension, it 
is possible to measure the anisotropy in the visco-elastic behaviour induced by the 
pre-extension. Previous work has found that tanδ dropped with increasing extension 
which was interpreted as lowering of internal viscosity due to chain orientation. 
These experiments present further work on rubber materials under dynamic loading 
and confirm the general finding of decreasing tanδ with increasing extension. 
However, we believe that the results can be understood in terms of changes to the test 
piece geometry alone. 
 
The assumption we propose is that under conditions of a small torsional or tension 
oscillation superimposed on a large static tensile deformation, the fundamental 
dissipative process is itself little affected by moderate static strains that are 
insufficient to cause substantial orientation of the monomer units in a chain. This 
seem reasonable, as up to 100% strain the statistical theory of rubber like elasticity 
suggests that the amount of orientation should not be substantial for moderately 
crosslinked rubber. In torsion therefore, the energy dissipation will depend on the 
strained dimensions of the rubber cylinder and the square of amplitude of the small 
strained produced by torsion alone. This theory is supported by the experimental 
observations.  
 
Conference paper presented at RIEG meeting on Time Dependent Behaviour of 
Rubber, IOM3, 30 October 2008, London, UK. 
Conference paper presented at the 174th ACS Rubber Division Conference 
meeting 174th, 14th-16thOctober 2008 Louisville, KY, USA.  
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The dynamic behaviour of pre-strained elastomer 
N. Suphadon, A.G. Thomas & J.J.C. Busfield 
Department of Materials, Queen Mary, University of London, London E1 4NS, UK 
 
Abstract 
Nutthanun et al. (2008) showed that a large prestrain, of up to 100% strain, does not 
induce any anisotropy in the loss modulus behaviour when measured using 
superimposed small strain oscillations. From this work it was clear that the energy 
dissipation depended only on the geometric shape of the sample. This work extends 
this previous work to filled rubber SBR (styrene butadiene rubber) and NR (natural 
rubber) compounds with the same experimental set up. Different amount of filler 
content and different crosslink density are investigated. The results show that at the 
modest filler level below 25 phr and at conventional crosslink densities, the loss 
modulus does not increase with the pre-strain. But at the higher filler contents or 
higher crosslink density, the loss modulus increases sharply with the pre-strain. 
Therefore, we can say that the amount of filler content and crosslink density has 
affected with the viscoelastic properties during a complex loading. Additionally, we 
also study the effect of the amplitude on the loss modulus. A three decade change in 
amplitude is investigated here. The results show that the loss modulus is not strongly 
dependent upon the amplitude, especially at the low filler contents, but at higher 
filler content, the loss modulus becomes increasing amplitude dependent.  
 
Conference paper presented at Tire tech Expo, 17th-19th February 2009, 
Hamburg, Germany. 
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The visco-elastic behaviour of elastomers at large pre-
strains 
 
N. Suphadon, A.G. Thomas and J.J.C. Busfield 
 
Department of Materials, Queen Mary University of London, Mile End Road, 
LONDON, E1 4NS, UK 
 
Abstract 
Suphadon et al.5 explained that the reduction in loss angle for small oscillations with 
increasing pre-strain resulted from the molecular rearrangement of the polymer. In 
contrast, 94 showed that the loss angle decreased due to changes in geometry alone 
and that the loss modulus was constant for a wide range of unfilled materials up to 
quite large strains. They also found that for a range of unfilled rubbers that a pre-
strain, of up to 100% strain, did not induce any anisotropy in the loss modulus 
behaviour when measured using small strain oscillations superimposed on the larger 
pre-strain. From this work it was clear that the energy dissipation depended only on 
the geometric shape of the sample and not on the pre-strain. This paper extends the 
previous work to larger pre-strains for SBR (styrene butadiene rubber) and NR 
(natural rubber) compounds some of which incorporate fillers. The results show for 
materials that with 25 phr of carbon black filler, the loss modulus is still independent 
of the pre-strain for normal working strains but at filler contents of 50 phr, the loss 
modulus increases with pre-strain at extension ratios lower than 2. This probably 
results from the significant effect of the strain amplification which arises at higher 
filler volume fraction. Additional experiments to investigate the effect of the load 
history and anisotropy in the loss modulus with pre-strain are also described. 
 
Conference paper published and presented in the Proceedings of the sixth 
European Conference on Constitutive Models for Rubber, 7th-10th September 
2009, Dresden, Germany. 
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